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Outline - 2 Related Topics
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Topic 1:
Modeling & Control of Kamaji

Topic 2:
Modeling & Control of 

Contact & Collisions
Goal: 

Object Manipulation à Assembly

CONFIDENTIAL



© MERL

Serial-Link Vs. Delta Robots – Mechanical Design

3

• Open Chain
• High Mass, High Inertia
• Geared Joints à High Friction
• High Impedance – Stiff
• Coupled Force / Torque
• High Precision Mechanical Position Control
• High Joint & Link Bending
• Larger work volume
• Many big parts à More expensive
• Pick and Place, Assembly Applications

• Complex Closed Chain
• Low Mass, Low Inertia
• Kamaji has Direct Drive à Low Friction
• Low Impedance – Soft
• Decoupled Force / Torque
• High Precision Mechanical Position Control
• Low Joint & Link Bending
• Smaller work volume
• Fewer, simple parts (symmetry) à Less expensive
• Pick and Place Applications

Codian - Delta Robot

Closed-Chain Robotic ManipulatorsSerial Link Robotic Manipulators

All
Joints
Actuated

Some
Joints
Actuated

Unactuated
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• Trajectory computed by inverse kinematics (analytic)
• High-gain PID on each servomotor (built into servo)
• Simple and fast, but…
• Robot is very stiff.  No good for contact.

Industrial Delta Robot Used for Pick and Place Operations
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PID2

PID3

PID1
u1

u2

u3

y1

y2

y3

f�1(z)

Inverse
Kinematics

zd

Mostly Built-
In Functions
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• Delta Advantages – Simple, Precise, Low Mass, Fast, Decoupled. 

• Desired Use – Assembly.  Collisions and contact.  Need nonlinear control & programable impedance (soft).
• How do we control the robot trajectory and its impedance to assemble something, robustly?  

• How do we avoid switching among hybrid modes of operation (position, velocity, force etc.)?

Research Objectives

5

State-of-the Art Desired State

Assembly ProblemsPick & Place Applications
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Serial-Link versus Delta Robot – Kinematics, Dynamics
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Forward Kinematics – Implicit (no closed-form)

Inverse Kinematics – Explicit (closed-form)

TWO Jacobians

Dynamics – Explicit if DAE

Forward Kinematics – Explicit (analytic, closed-form)

Inverse Kinematics – Implicit (no closed-form)

Jacobian – Explicit (analytic closed form)

Dynamics – ODE (all analytic, closed-form)
M(q)v̇ + C(q, v) +D(v) +G(q) = u+ ⌧

f
q1

q2

q3
q4

q5

z

q 2 R9

y 2 R3
Joint Angles
Measurements
Inputsu 2 R3

Joint Angles
Measurements
Inputs (Co-located)
End effector

q 2 R5

y = q

u 2 R5

z
f

z 2 R3

⌧ = JT (q)f

z = F (q)

J(q) =
@F (q)

@q

F (q, z) = 0 (6 equations, 6 unknowns, solved numerically) 

q = F�1(z) q = F�1(z)

Jc =
@F (y)

@y
Jv =

@F (q)

@q
(Implicit. 
For control)

(Explicit.  
For simulation)

Closed Kinematic Chain à Kinematics, Dynamics 
A little more work....

Open Chain – Conventional Calculations

<latexit sha1_base64="t3o/pFcd9vsA2q47rxksCHPp0mc="></latexit>

M(q)q̈ + C(q, q̇) +D(q̇) +G(q) = �
T
H(q) +Bu

<latexit sha1_base64="mitlYWJBDvvgIu/efwjFdRZt81Y=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKepFKHjxWMF+QLuUbJptQ5PsNskKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhu7refqNIsko9mGlNf4KFkISPYWKkzKk8u0S1y+8WSW3EXQOvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwins0Iv0TTGZIyHtGupxIJqP13cO0MXVhmgMFK2pEEL9fdEioXWUxHYToHNSK96c/E/r5uY8MZPmYwTQyVZLgoTjkyE5s+jAVOUGD61BBPF7K2IjLDCxNiICjYEb/XlddKqVryrSu2hVqpXszjycAbnUAYPrqEO99CAJhDg8Ayv8OZMnBfn3flYtuacbOYU/sD5/AECkI6a</latexit>
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Proximal 
Link 1

Distal Link 1

Distal Link 3

Proximal 
Link 3

Distal 
Link 2

Base

Wrist Flange

x3

x1

x2

• Forward Kinematics of each arm...

• Constraint at wrist flange (6 equations)...

• Dynamics for each arm (conventional)…

• Robot Dynamics...Index 3 DAE

Delta Robot Differential-Algebraic Model (2018)
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H =
@h

@q

q1 = [q11, q12, q13]
T

q2 = [q21, q22, q23]
T

q3 = [q31, q32, q33]
T

 (qi) =

2

4
l2 sin(qi2) sin(qi3)

l1 cos(qi1) + l2 cos(qi2)
l1 sin(qi1) + l2 sin(qi2) cos(qi3)

3

5

h(q) =


 (q1)�Rz(2⇡/3) ·  (q2)
 (q1)�Rz(�2⇡/3) ·  (q3)

�

(q, v, �)

Replace

• Robot Dynamics ... Index 1 DAE

• 24 equations, 24 states 

Arm 1:
Arm 2:
Arm 3:

h(q) : R9 ! R6

CONFIDENTIAL12-Sep-2022
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m(qi)v̇i + c(qi, vi) + g(qi) = bui

3x3 
inertia

3x3 
centripetal

Corriolis

3x1 
gravity

Motor
torque

<latexit sha1_base64="CuxaQM1YsZEfr4BicRRRApFljFE=">AAACIXicbVDLSsNAFJ34tr6qLt0MFsFVSYqoG0Fw41LBtkITymRykw6dTMLMjVBCf8WNv+LGhSLdiT/jtM3C14EZDufce2fuCXMpDLruh7OwuLS8srq2XtvY3Nreqe/udUxWaA5tnslM34fMgBQK2ihQwn2ugaWhhG44vJr63QfQRmTqDkc5BClLlIgFZ2ilfv08vPAlxNjzQ0iEKpnWbDQu+Zh61PepW12gosqivhbJAIN+veE23RnoX+JVpEEq3PTrEz/KeJGCQi6ZMT3PzTGwU1FwCeOaXxjIGR+yBHqWKpaCCcrZhmN6ZJWIxpm2RyGdqd87SpYaM0pDW5kyHJjf3lT8z+sVGJ8HpVB5gaD4/KG4kBQzOo2LRkIDRzmyhHEt7F8pHzDNONpQazYE7/fKf0mn1fROmye3J43LVhXHGjkgh+SYeOSMXJJrckPahJNH8kxeyZvz5Lw4785kXrrgVD375Aeczy93z6MK</latexit>

b =

2

4
1
0
0

3
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Proximal 
Link 1

Distal Link 1

Distal Link 3

Proximal 
Link 3

Distal 
Link 2

Base

Wrist Flange

x3

x1

x2

• Robot Dynamics (3) ...

• Location of wrist flange as function of    ...

• Sum and divide by 3 (not unique)...

• Compute Jacobian ...

• Closed-form, analytic formula.  Use in simulations with (3)

Delta Robot “Virtual” Jacobian for Simulation

8

H =
@h

@q

f

⌧v3

⌧v1

⌧v2

⌧v4

⌧v7⌧v8

⌧v9

⌧v = JT
v (q) · f

z

q

Forward 
kinematics of 

Arm 1

... and Arm 2 
and Arm 3

Jv(q) =
1

3


@ 

@q
(q1) R2

@ 

@q
(q2) R3

@ 

@q
(q3)

�
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Note:              is computed here. 

Proximal 
Link 1

Distal Link 1

Distal Link 3

Proximal 
Link 3

Distal 
Link 2

Base

Wrist Flange

x3

x1

x2
• Robot Dynamics (DAE)...

• Constraint at wrist flange (6 equations, 3 measured, 3 unmeasured variables)... 

• Forward kinematics computed algorithmically by solving 

• Implicit function theorem, there exists                     such that

• Control Jacobian is

Delta Robot “Control” Jacobian

9

f

⌧u1

⌧u2

⌧u3

H =
@h

@q

Matched with    

⌧u = JT
c (y) · f

where

Computed numerically. 

✓
@h

@x

◆�1

z

Measured

Not Measured

is useful in control 
algorithms, but should not

be used to simulate the 
effect of     on the robot, 
because it is computed 

algorithmically.

JT
c (y)

Jc(y) =
@z

@y
=

@ 

@x
· @g
@y

+
@ 

@y

u

f
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Modelica Realization of the DAE Model
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model deltaRobotLagrange

Arms.deltaRobotArmLagrange arm1, arm2, arm3;
Real lambda[6];      // Lagrange multiplier
Real h0[6], h1[6], h2[6];
Input Real u[3], f[3];      // torque inputs, force inputs
parameter Real POLE = 5.0;

constant Real Rot2[3,3] = Utilities.RotZ(2.0*PI/3.0);
constant Real Rot3[3,3] = Utilities.RotZ(-2.0*PI/3.0);
constant Real B[3] = {1, 0, 0};  // input torque vector

equation

arm1.tau =  transpose(arm1.dh) * lambda[1:3] + transpose(arm1.dh) * lambda[4:6] + transpose(dz1) * f + B * u[1];
arm2.tau = -transpose(Rot2 * arm2.dh) * lambda[1:3] + B * u[2] + transpose(dz2) * f;
arm3.tau = -transpose(Rot3 * arm3.dh) * lambda[4:6] + B * u[3] + transpose(dz3) * f; 

h0 = cat(1,arm1.psi-Rot2*arm2.psi,arm1.ps -Rot3*arm3.psi);
h1 = der(h0);
h2 = der(h1);
zeros(6) = h2 + 2.0 * POLE * h1 + POLEˆ2 * h0;
// zeros(6) = h0;  // Or this constraint

y = cat(1, vector(arm1.q[1]), vector(arm2.q[1]), vector(arm3.q[1]));
yDot = cat(1, vector(arm1.v[1]), vector(arm2.v[1]), vector(arm3.v[1]));

dz1 = Controllers.Functions.armJacobian(arm1.q) / 3.0;
dz2 = R2*Controllers.Functions.armJacobian(arm2.q) / 3.0;
dz3 = R3*Controllers.Functions.armJacobian(arm3.q) / 3.0;
Jv = cat(2, dz1, dz2, dz3);

z = arm1.h;
zDot = Jv * cat(1, vector(arm1.v), vector(arm2.v), vector(arm3.v));

end deltaRobotLagrange;

Declare 3 arms

Declare Lagrange Multiplier

Declare Constraint

Constant Rotation Matrices

Virtual Jacobian

Servo Angle Measurements

Jv

y, ẏ

Wrist Flange location z, ż

q̇i = vi

m(qi)v̇i + c(qi, vi) + g(qi) = b⌧

Why Modelica?
• Hybrid DAE Model of Computation
• Object-Oriented for organization
• Multi-Physical: Mechanics + Control

CONFIDENTIAL12-Sep-2022
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Simulation Thorough Kinematic Singularity
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Move to kinematic 
singularity, ...

...hit with impulse f,...

... and excite spherical 
pendulum dynamics

CONFIDENTIAL12-Sep-2022
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Proximal 
Link 1

Distal Link 1

Distal Link 3

Proximal 
Link 3

Distal 
Link 2

Base

Wrist Flange

x3

x1

x2

1. DAE Model...

2. Apply gravity-cancelling feedback by solving 9x9 system...

3. Reorder into measured (   ) and unmeasured (   )...

4. Differentiate constraint twice, solve for     ...

5. Ignore higher-order terms

Inner Loop Feedback Linearization

12

(Servo angles - measured)

(Not measured)

B =

2

6666666666664

1 0 0
0 0 0
0 0 0
0 1 0
0 0 0
0 0 0
0 0 1
0 0 0
0 0 0

3

7777777777775

ẍ

C̄(q, v)

where

xy

y1y2

y3


⌧u

�

�
·
⇥
B H

T (q)
⇤
= G(q)

• Then control is…

• In     coordinatesz

PID outer loop with reference feed forward, adjustable gains

<latexit sha1_base64="55MI8Kt25HuRZef808w/GoQC41w="></latexit>

u = M̄yJ
�1
c

✓
ki

Z t

0
(r � z)d⌧ + kp(r � z) + kd(ṙ � ż) + r̈

◆

(3 x 3)
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(r � z)d⌧ + kp(r � z) + kd(ṙ � ż) = 0
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Modelica for Real-Time Desktop Simulation

13

Robot 
Physics

Wrist Flange Location: Simulation

Lego Brick Model

Discrete-Time
Controller

Clock
Synchronous Library
Device Drivers Library

Discrete-Time
Controller
Discrete-Time
Controller

Low Gains
kp = 1.0, kd = 0.25

05-Oct-2020
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Windows 10 OS

MR-J4-B
Inverters

HG-KR 73
Servos

MR-MC 210
Motion Control Card

PC

MR-MC 210
C Language API

MERL Delta 
Robot

Real-Time 
Modelica Library

Modelica
Synchronous 

Library

Modelica
Device 
Drivers 
Library

MERL Delta 
Robot

Modelica
Robot Library

Developed at MERL
Open Source
Vendor-Supplied

MERL Delta 
Robot

Modelica
Control Library

Modelica
Standard
Library

Delta
Robot

Hardware

Modelica for Experimental Testing
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Simulation Experiment
Wrist Flange Location: Experiment

Real-Time 
Delta Robot Interface 

Low Gains
kp = 1.0, kd = 0.25

05-Oct-2020
Ahmed Okasha
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Kamaji Hardware, FY22
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Inner Loop PC
(Windows)

Outer Loop PC
(Linux)

UDP
(Ethernet) Touch Sensors

MR-J4B

MR -MC270
Motion Control Board

PCIE-1730
A/D and

D/A 

PCI

HF-MP73B 
Servos (3)

Gripper

Lego

Touch Sensors

Gripper

(0.88ms sample time (1.1kHz))

Feedback Linearization             (>10kHz possible)
• Kinematics: 1-2 x 6-D Newton Iteration
• Jacobian: 3 x 6-D linear systems
• Gravity: 1 x 9-D linear system

<latexit sha1_base64="ZMNLwo4JcSdEWJlEjHjaPRSipjs=">AAAB+HicbVDJSgNBEK2JW4xLoh69NAbBU5iR4HILePEYwSyQGUJPpydp0j0z9CLEIf6IFw+KePVTvPk3dpI5aOKDgsd7VVTVC1POlHbdb6ewtr6xuVXcLu3s7u2XKweHbZUYSWiLJDyR3RAryllMW5ppTruppFiEnHbC8c3M7zxQqVgS3+tJSgOBhzGLGMHaSv1K+Qldu8gXJvOlQGrar1TdmjsHWiVeTqqQo9mvfPmDhBhBY004VqrnuakOMiw1I5xOS75RNMVkjIe0Z2mMBVVBNj98ik6tMkBRIm3FGs3V3xMZFkpNRGg7BdYjtezNxP+8ntHRVZCxODWaxmSxKDIc6QTNUkADJinRfGIJJpLZWxEZYYmJtlmVbAje8surpH1e8y5q9bt6teHmcRThGE7gDDy4hAbcQhNaQMDAM7zCm/PovDjvzseiteDkM0fwB87nD6FJkmM=</latexit>

90µs

Torque
Mode
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• abc

Trajectory Tracking Experiment with Joystick Reference

16

Steady-state 
tracking error 

<30µm

X Direction Tracking.  

Y Direction Tracking.  

Z Direction Tracking.  

Large tracking error 
during motion 

transient because 
reference acceleration 

is not fed forward

Outer Loop Gains…
Poles placed at s=-p=-7 (soft, low gain)

kI = p^3 = 343
kP = 3*p^2 = 147
kD = 3*p  = 21

MAX Integral = 1.0 (see anti-windup PID)
Stability maintained when integrator saturates

12-Sep-2022
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Soft-Contact Feedback Control with Tactile Sensor Feedback

17

Wrist Flange

Gripper

Right
Touch

Sensors
(3)

Left
Touch

Sensors
(3)

• Feedback loop from difference of sensors to robot horizontal position
• Reduces robot impedance in frequency range
• No switching required in grasp

12-Sep-2022
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Soft-Contact Feedback Control Simulation
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Robot Position

Block Position

Block

Robot

Fingers

Table

12-Sep-2022
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Soft-Contact Feedback Control Experiment
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Touch Sensors

12-Sep-2022

Touch Sensor
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New 3 DOF spherical wrist 
Direct Drive, low impedance, low 

mass/inertia

Next Steps: Add Spherical Wrist, Study Assembly

2012-Sep-2022

Small Gimbal Motor

How to solve Assembly Problem
Using Impedance Control and MPC

Get this behavior automatically…
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• Physics-Based Animation: Bullet, PhyX, Gazebo (with different engines such as DART), etc.

• State-of-the-art: Represent as Nonlinear or Linear Complementary Problem (LCP), solve
– Solve a QP problem at each discrete time step
– Fixed time step, usually first-order (Euler) symplectic (to approx. conserve energy) integrator
– Simulation is the purpose of the model

• Limitations...
– Discrete time – mixes modes of computation.  
– LCP formulation is static – are dynamics correctly captured during collisions?
– Explicit integration 

• Multi-Mode DAE (variable # states & structure) formulations
– Mathematically rigorous structural analysis
– Algorithms for index reduction
– Emerging tools (compilers & code generation)

Collisions, Contact & Hybrid (MultiMode) DAEs: Lots of Previous Work

21

?
Newton’s Cradle – Difficult for LCP

Bullet Simulation

Multi-Mode DAEs

12-Sep-2022
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Many Examples of Contact and Collision 

22

Link 1

Link 2

Link N
Link N-1

Link N-2

CAR

x

y

O
rx

ry

Time-
Varying 
Boundary
Conditions

q2

q1

qn�2

qn
qn�1

x̄

ȳ

Link 1

Link 2

Link N

Link N-1

CAR

x

y

O
rx

ry

Time-
Varying 
Boundary
Conditions

q2

q1

qn

qn�1

x̄

u

2 Constraints2 Constraints

1 Constraint

Rope Sway Cable Sway

Chain Fountain

Ball Maze

Hit the wall Lift off pile

Hit the wall

Car Motion

CAR

u

W
E
I
G
H
T

Contact

Alan’s Paperclip Art Toy

Circuit Breaker
Ball & Cup

12-Sep-2022
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Hybrid (“Multi mode”) DAE Model of Collision & Contact
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Finite State Machine

M(q)v̇ + C(q, v)v + d(q)v + g(q) = Bu+
n�1X

i=1

H
T
i (q)�i

H
T
i (q) =

@hi(q)

@q

ḧi(q) + ↵1ḣi(q) + ↵0hi(q) = 0 1  i  n� 1

q̇ = v

Differential Algebraic Equations (DAE)
Example – Difficult for LCP Formulation

• Solves LCP* problem as a DAE – guarantees existence of solution, allows for use multi-step solver
• Mathematical model useful for simulation, synthesis of controller (dynamic optimization)

Basic Idea

Collision occurs 
over non-zero 

timespan

*LCP = Linear Complementary Problem 

Touching, but no force

12-Sep-2022

Represents elastic impact
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• Robot + Task represented as Lagrangian system + constraint functions

• If n-1 constraints are active, and NO constraints are in the COLLISION state, use...

• If n-1 constraints are active, and constraint n is in the COLLISION state, use...

Details of DAE Model of Contact / Collision

24

M(q)v̇ + C(q, v)v + d(q)v + g(q) = Bu+
n�1X

i=1

H
T
i (q)�i H

T
i (q) =

@hi(q)

@q

ḧi(q) + ↵1ḣi(q) + ↵0hi(q) = 0 1  i  n� 1

hi(q) i = 1, 2, . . . , N

ḧn(q) + �1ḣn(q) + �0hn(q) = 0

M(q)v̇ + C(q, v)v + d(q)v + g(q) = Bu

Constraint FunctionsLagrangian Dynamics

M(q̄)v̇ + C(q̄, v)v + d(q̄)v + g(q̄) = Bu+
n�1X

i=1

H
T
i (q̄)�i +H

T
n (q̄)�n

ḧi(q) + ↵1ḣi(q) + ↵0hi(q) = 0 1  i  n� 1

H
T
i (q̄) =

@hi(q)

@q
|q=q̄

“SLOW”
System

“FAST”
System

↵1 << �1 ↵0 << �0

Constant

q̇ = v

q̇ = v

q̇ = vConstantConstant ConstantConstant

Stiff spring

Soft spring

Constrained 
Lagrangian with 

Stabilized 
Constraint

Fast Time Scale of 
Singularly 

Perturbed System

q̄ = q(t̄�)

Time of 
collision

12-Sep-2022
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Free
Contact = 0

Contact
Contact = 1

Ballistic
Contact = 2

� < 0

h > 0

h  0

h < 0
ḣ < 0

Bouncing Ball Example

25

q̇ = v

mv̇ = �mg + �
q̇ = v

mv̇ = �mg

� = 00 = ḧ+ ↵1ḣ+ ↵0h+ ↵3h
3
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Cartoon Example – Falling Red Body is Initially Free
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<latexit sha1_base64="Gxqbpk8O9Z514fY70EhNMcjcjlY=">AAACG3icbVBLSwMxGMz6rPW16tFLsAiVStmUol6EQi9ehAr2Ae2yZNO0Dc0+TLKFsvR/ePGvePGgiCfBg//GbHcP2joQGGbmS/KNG3ImlWV9Gyura+sbm7mt/PbO7t6+eXDYkkEkCG2SgAei42JJOfNpUzHFaScUFHsup213XE/89oQKyQL/Xk1Dant46LMBI1hpyTErtw4qPjjoDPb6gYonMwfBEqyn4jmcJE4JDrWapq6h5ZgFq2zNAZcJykgBZGg45qe+m0Qe9RXhWMouskJlx1goRjid5XuRpCEmYzykXU197FFpx/PdZvBUK304CIQ+voJz9fdEjD0pp56rkx5WI7noJeJ/XjdSgys7Zn4YKeqT9KFBxKEKYFIU7DNBieJTTTARTP8VkhEWmChdZ16XgBZXXiatShldlKt31UKtktWRA8fgBBQBApegBm5AAzQBAY/gGbyCN+PJeDHejY80umJkM0fgD4yvH1dpm+s=</latexit>

M1(q1)v̇1 + C1(q1, v1) + g1(q1) = 0

<latexit sha1_base64="kOwnDUY7x7qQRKYDWY8hKH9puvg=">AAACQ3icbZDLSgMxFIYz9VbrrerSTbAILZUyMxR1IxS66UaoYC/YliGTSdvQzMUkUyhD382NL+DOF3DjQhG3gpl2FG09EPj5/nOSk98OGBVS15+01Mrq2vpGejOztb2zu5fdP2gKP+SYNLDPfN62kSCMeqQhqWSkHXCCXJuRlj2qxn5rTLigvncjJwHpuWjg0T7FSCpkZW+vLCN/Z5kF2HV8GY2nlgmLsGqZMTyF49gpwoGi86 5L2GXqdgdZBnRq37PFH2rGdDZcsLI5vaTPCi4LIxE5kFTdyj6qHXDoEk9ihoToGHogexHikmJGppluKEiA8AgNSEdJD7lE9KJZBlN4oogD+z5Xx5NwRn9PRMgVYuLaqtNFcigWvRj+53VC2b/oRdQLQkk8PH+oHzIofRgHCh3KCZZsogTCnKpdIR4ijrBUsWdUCMbil5dF0ywZZ6XydTlXMZM40uAIHIM8MMA5qIAaqIMGwOAePINX8KY9aC/au/Yxb01pycwh+FPa5xfTxKm3</latexit>

M1(q2)v̇2 + C2(q2, v2) + g2(q2) = �1dH1(q2) + �2dH2(q2)
<latexit sha1_base64="zb992Sf+h3+rC3bU0IfRTzchwpU=">AAACCXicbVDLSgMxFM3UV62vUZdugkUQhDJTiroRCm5cVrAPaIchk0nb0ExmSO4IZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BIngGhznyyqsrK6tbxQ3S1vbO7t79v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup767XumNI/lHYwT5kVkIHmfUwJG8m3cC8MYsqHvTvCZOfxws+Er7Ph22ak4M+Bl4uakjHI0fPvT3ELTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5tNMsEnRglxP1ZmScAz9XdHRiKtx1FgKiMCQ73oTcX/vG4K/Usv4zJJgUk6f6ifCgwxnsaCQ64YBTE2hFDFzV8xHRJFKJjwSiYEd3HkZdKqVtzzSu22Vq5X8ziK6Agdo1PkogtURzeogZqIogf0hF7Qq/VoPVtv1vu8tGDlPYfoD6yPbwGTl+k=</latexit>

ḧ1 + ḣ1 + h1 = 0
<latexit sha1_base64="bZO1/a51bw0HVuZHaW+idQtsQy8=">AAACCXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMKepGKLhxWcE+oB2GTCZtQzOZIckIZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BAlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0fXUb99TqVgs7vQ4oV6EB4L1GcHaSL6NemEY62zoVyfozBx+uNnQFXJ8u+xUnBnQMnFzUoYcDd/+NLeQNKJCE46V6rpOor0MS80Ip5NSL1U0wWSEB7RrqMARVV42m2SCTowSon4szRIazdTfHRmOlBpHgamMsB6qRW8q/ud1U92/9DImklRTQeYP9VOOdIymsaCQSUo0HxuCiWTmr4gMscREm/BKJgR3ceRl0qpW3PNK7bZWrlfzOIpwBMdwCi5cQB1uoAFNIPAAT/ACr9aj9Wy9We/z0oKV9xzCH1gf3wZFl+w=</latexit>

ḧ2 + ḣ2 + h2 = 0
<latexit sha1_base64="FRfVNSnGgq1mu1LZAUfrXah3EBM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ45I2qNbfu5kDrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ/lC8/RhVVCFMXKPmlQrv6eyLDQeiYCmxTYTPSqtxD/8wapiW78jMkkNVSS5UdRypGJ0eJ6FDJFieEzSzBRzO6KyAQrTIztqGJL8FZPXifdRt27qjfvm7VWo6ijDGdwDpfgwTW04A7a0AECAp7hFd4c5bw4787HMlpyiplT+APn8wdk7ZAa</latexit>

�1
<latexit sha1_base64="Kv91i/8kU2QYV/kcpYUKzWHPK3Y=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utRlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9mcZAb</latexit>

�2

<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3
<latexit sha1_base64="4yMftYxCAhHOJ3AO44Cse6OQgrw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBfVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzRqeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AH1642M</latexit>

h4
<latexit sha1_base64="5zjNg7GBp2eHM0bI3kHpzMHMYfA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdD/qX/TLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtWtW7rNbv6pVGLY+jCCdwCufgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/3b42N</latexit>

h5

<latexit sha1_base64="0L6bC70G5DpqOErGB6QmzsEnDGY=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYWdSMU3LisYB8wHUomk2lDM8mQ3BHK0M9w40IRt36NO//GtJ2Fth4IHM45l9x7wlRwA6777aytb2xubZd2yrt7+weHlaPjjlGZpqxNlVC6FxLDBJesDRwE66WakSQUrBuO72Z+94lpw5V8hEnKgoQMJY85JWAlvy9sNCKDy1t3UKm6NXcOvEq8glRRgdag8tWPFM0SJoEKYozvuSkEOdHAqWDTcj8zLCV0TIbMt1SShJkgn688xedWiXCstH0S8Fz9PZGTxJhJEtpkQmBklr2Z+J/nZxDfBDmXaQZM0sVHcSYwKDy7H0dcMwpiYgmhmttdMR0RTSjYlsq2BG/55FXSqde8q1rjoVFt1os6SugUnaEL5KFr1ET3qIXaiCKFntErenPAeXHenY9FdM0pZk7QHzifP139kJ0=</latexit>

�3 = 0
<latexit sha1_base64="kcvMh39BtmN2hXsBcUy1NNxXJdA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOlqBuh4MZlBfuA6VAymUwbmkmG5I5Qhn6GGxeKuPVr3Pk3pu0stPVA4HDOueTeE6aCG3Ddb6e0sbm1vVPereztHxweVY9PukZlmrIOVULpfkgME1yyDnAQrJ9qRpJQsF44uZv7vSemDVfyEaYpCxIykjzmlICV/IGw0YgMm7fusFpz6+4CeJ14BamhAu1h9WsQKZolTAIVxBjfc1MIcqKBU8FmlUFmWErohIyYb6kkCTNBvlh5hi+sEuFYafsk4IX6eyIniTHTJLTJhMDYrHpz8T/PzyC+CXIu0wyYpMuP4kxgUHh+P464ZhTE1BJCNbe7YjommlCwLVVsCd7qyeuk26h7V/XmQ7PWahR1lNEZOkeXyEPXqIXuURt1EEUKPaNX9OaA8+K8Ox/LaMkpZk7RHzifP1+DkJ4=</latexit>

�4 = 0
<latexit sha1_base64="xo7FizMa/IpCFIOd2XvPVLb2J3c=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyU+tgIBTcuK9hamA4lk8m0oZlkSDJCGfoZblwo4tavceffmLaz0NYDgcM555J7T5hypo3rfjultfWNza3ydmVnd2//oHp41NUyU4R2iORS9UKsKWeCdgwznPZSRXEScvoYjm9n/uMTVZpJ8WAmKQ0SPBQsZgQbK/l9bqMRHlzcuINqza27c6BV4hWkBgXag+pXP5IkS6gwhGOtfc9NTZBjZRjhdFrpZ5qmmIzxkPqWCpxQHeTzlafozCoRiqWyTxg0V39P5DjRepKENplgM9LL3kz8z/MzE18HORNpZqggi4/ijCMj0ex+FDFFieETSzBRzO6KyAgrTIxtqWJL8JZPXiXdRt27rDfvm7VWo6ijDCdwCufgwRW04A7a0AECEp7hFd4c47w4787HIlpyiplj+APn8wdhCZCf</latexit>

�5 = 0

FSM for 
<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3
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Cartoon Example – Collision 
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<latexit sha1_base64="kOwnDUY7x7qQRKYDWY8hKH9puvg=">AAACQ3icbZDLSgMxFIYz9VbrrerSTbAILZUyMxR1IxS66UaoYC/YliGTSdvQzMUkUyhD382NL+DOF3DjQhG3gpl2FG09EPj5/nOSk98OGBVS15+01Mrq2vpGejOztb2zu5fdP2gKP+SYNLDPfN62kSCMeqQhqWSkHXCCXJuRlj2qxn5rTLigvncjJwHpuWjg0T7FSCpkZW+vLCN/Z5kF2HV8GY2nlgmLsGqZMTyF49gpwoGi86 5L2GXqdgdZBnRq37PFH2rGdDZcsLI5vaTPCi4LIxE5kFTdyj6qHXDoEk9ihoToGHogexHikmJGppluKEiA8AgNSEdJD7lE9KJZBlN4oogD+z5Xx5NwRn9PRMgVYuLaqtNFcigWvRj+53VC2b/oRdQLQkk8PH+oHzIofRgHCh3KCZZsogTCnKpdIR4ijrBUsWdUCMbil5dF0ywZZ6XydTlXMZM40uAIHIM8MMA5qIAaqIMGwOAePINX8KY9aC/au/Yxb01pycwh+FPa5xfTxKm3</latexit>

M1(q2)v̇2 + C2(q2, v2) + g2(q2) = �1dH1(q2) + �2dH2(q2)
<latexit sha1_base64="zb992Sf+h3+rC3bU0IfRTzchwpU=">AAACCXicbVDLSgMxFM3UV62vUZdugkUQhDJTiroRCm5cVrAPaIchk0nb0ExmSO4IZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BIngGhznyyqsrK6tbxQ3S1vbO7t79v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup767XumNI/lHYwT5kVkIHmfUwJG8m3cC8MYsqHvTvCZOfxws+Er7Ph22ak4M+Bl4uakjHI0fPvT3ELTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5tNMsEnRglxP1ZmScAz9XdHRiKtx1FgKiMCQ73oTcX/vG4K/Usv4zJJgUk6f6ifCgwxnsaCQ64YBTE2hFDFzV8xHRJFKJjwSiYEd3HkZdKqVtzzSu22Vq5X8ziK6Agdo1PkogtURzeogZqIogf0hF7Qq/VoPVtv1vu8tGDlPYfoD6yPbwGTl+k=</latexit>

ḧ1 + ḣ1 + h1 = 0
<latexit sha1_base64="bZO1/a51bw0HVuZHaW+idQtsQy8=">AAACCXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMKepGKLhxWcE+oB2GTCZtQzOZIckIZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BAlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0fXUb99TqVgs7vQ4oV6EB4L1GcHaSL6NemEY62zoVyfozBx+uNnQFXJ8u+xUnBnQMnFzUoYcDd/+NLeQNKJCE46V6rpOor0MS80Ip5NSL1U0wWSEB7RrqMARVV42m2SCTowSon4szRIazdTfHRmOlBpHgamMsB6qRW8q/ud1U92/9DImklRTQeYP9VOOdIymsaCQSUo0HxuCiWTmr4gMscREm/BKJgR3ceRl0qpW3PNK7bZWrlfzOIpwBMdwCi5cQB1uoAFNIPAAT/ACr9aj9Wy9We/z0oKV9xzCH1gf3wZFl+w=</latexit>

ḧ2 + ḣ2 + h2 = 0
<latexit sha1_base64="FRfVNSnGgq1mu1LZAUfrXah3EBM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ45I2qNbfu5kDrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ/lC8/RhVVCFMXKPmlQrv6eyLDQeiYCmxTYTPSqtxD/8wapiW78jMkkNVSS5UdRypGJ0eJ6FDJFieEzSzBRzO6KyAQrTIztqGJL8FZPXifdRt27qjfvm7VWo6ijDGdwDpfgwTW04A7a0AECAp7hFd4c5bw4787HMlpyiplT+APn8wdk7ZAa</latexit>

�1
<latexit sha1_base64="Kv91i/8kU2QYV/kcpYUKzWHPK3Y=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utRlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9mcZAb</latexit>

�2

<latexit sha1_base64="4yMftYxCAhHOJ3AO44Cse6OQgrw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBfVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzRqeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AH1642M</latexit>

h4
<latexit sha1_base64="5zjNg7GBp2eHM0bI3kHpzMHMYfA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdD/qX/TLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtWtW7rNbv6pVGLY+jCCdwCufgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/3b42N</latexit>

h5

<latexit sha1_base64="kcvMh39BtmN2hXsBcUy1NNxXJdA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOlqBuh4MZlBfuA6VAymUwbmkmG5I5Qhn6GGxeKuPVr3Pk3pu0stPVA4HDOueTeE6aCG3Ddb6e0sbm1vVPereztHxweVY9PukZlmrIOVULpfkgME1yyDnAQrJ9qRpJQsF44uZv7vSemDVfyEaYpCxIykjzmlICV/IGw0YgMm7fusFpz6+4CeJ14BamhAu1h9WsQKZolTAIVxBjfc1MIcqKBU8FmlUFmWErohIyYb6kkCTNBvlh5hi+sEuFYafsk4IX6eyIniTHTJLTJhMDYrHpz8T/PzyC+CXIu0wyYpMuP4kxgUHh+P464ZhTE1BJCNbe7YjommlCwLVVsCd7qyeuk26h7V/XmQ7PWahR1lNEZOkeXyEPXqIXuURt1EEUKPaNX9OaA8+K8Ox/LaMkpZk7RHzifP1+DkJ4=</latexit>

�4 = 0
<latexit sha1_base64="xo7FizMa/IpCFIOd2XvPVLb2J3c=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyU+tgIBTcuK9hamA4lk8m0oZlkSDJCGfoZblwo4tavceffmLaz0NYDgcM555J7T5hypo3rfjultfWNza3ydmVnd2//oHp41NUyU4R2iORS9UKsKWeCdgwznPZSRXEScvoYjm9n/uMTVZpJ8WAmKQ0SPBQsZgQbK/l9bqMRHlzcuINqza27c6BV4hWkBgXag+pXP5IkS6gwhGOtfc9NTZBjZRjhdFrpZ5qmmIzxkPqWCpxQHeTzlafozCoRiqWyTxg0V39P5DjRepKENplgM9LL3kz8z/MzE18HORNpZqggi4/ijCMj0ex+FDFFieETSzBRzO6KyAgrTIxtqWJL8JZPXiXdRt27rDfvm7VWo6ijDCdwCufgwRW04A7a0AECEp7hFd4c47w4787HIlpyiplj+APn8wdhCZCf</latexit>

�5 = 0
<latexit sha1_base64="r7Xl33+JFkV+pwn30oQQabta6RE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6kUoePFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut7O2vrG5tV3YKe7u7R8clo6OmybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDfzW09cG5GoRxynPIjpQIlIMIpW8oe9y1u3Vyq7FXcOskq8nJQhR6NX+ur2E5bFXCGT1JiO56YYTKhGwSSfFruZ4SllIzrgHUsVjbkJJvNjp+TcKn0SJdqWQjJXf09MaGzMOA5tZ0xxaJa9mfif18kwugkmQqUZcsUWi6JMEkzI7HPSF5ozlGNLKNPC3krYkGrK0OZTtCF4yy+vkma14l1Vag+1cr2ax1GAUziDC/DgGupwDw3wgYGAZ3iFN0c5L86787FoXXPymRP4A+fzB+Wtjgw=</latexit>

h3 = 0

<latexit sha1_base64="o/0iMTf1XuhkMCK2qp04Fj0Qfxg="></latexit>

M1(q1)v̇1 + C1(q1, v1) + g1(q1) = �3dH3

<latexit sha1_base64="0L6bC70G5DpqOErGB6QmzsEnDGY=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYWdSMU3LisYB8wHUomk2lDM8mQ3BHK0M9w40IRt36NO//GtJ2Fth4IHM45l9x7wlRwA6777aytb2xubZd2yrt7+weHlaPjjlGZpqxNlVC6FxLDBJesDRwE66WakSQUrBuO72Z+94lpw5V8hEnKgoQMJY85JWAlvy9sNCKDy1t3UKm6NXcOvEq8glRRgdag8tWPFM0SJoEKYozvuSkEOdHAqWDTcj8zLCV0TIbMt1SShJkgn688xedWiXCstH0S8Fz9PZGTxJhJEtpkQmBklr2Z+J/nZxDfBDmXaQZM0sVHcSYwKDy7H0dcMwpiYgmhmttdMR0RTSjYlsq2BG/55FXSqde8q1rjoVFt1os6SugUnaEL5KFr1ET3qIXaiCKFntErenPAeXHenY9FdM0pZk7QHzifP139kJ0=</latexit>

�3 = 0

FSM for 
<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3
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Represents elastic impact…

Tune parameters to material propertiesTune parameters to material properties

<latexit sha1_base64="0r8NJxEtNgwXludosu2KNs4jtw0=">AAACGXicbVDLSgMxFM34rPU16tJNsAiCUDJtUTdCwY3LCvYBnWHIZNJOaCYzJBmhDP0NN/6KGxeKuNSVf2PazkJbD1w4nHNvcu8JUs6URujbWlldW9/YLG2Vt3d29/btg8OOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPRzdTvPlCpWCLu9TilXoyHgg0YwdpIvo3cMEx0Hk38OjyHLuZphH0HussigpFfv0a+XUFVNANcJk5BKqBAy7c/zWMki6nQhGOl+g5KtZdjqRnhdFJ2M0VTTEZ4SPuGChxT5eWzyybw1CghHCTSlNBwpv6eyHGs1DgOTGeMdaQWvan4n9fP9ODKy5lIM00FmX80yDjUCZzGBEMmKdF8bAgmkpldIYmwxESbMMsmBGfx5GXSqVWdi2rjrlFp1oo4SuAYnIAz4IBL0AS3oAXagIBH8AxewZv1ZL1Y79bHvHXFKmaOwB9YXz8oIJ5y</latexit>

ḧ3 + ↵1ḣ3 + ↵0h3 = 0
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<latexit sha1_base64="kOwnDUY7x7qQRKYDWY8hKH9puvg=">AAACQ3icbZDLSgMxFIYz9VbrrerSTbAILZUyMxR1IxS66UaoYC/YliGTSdvQzMUkUyhD382NL+DOF3DjQhG3gpl2FG09EPj5/nOSk98OGBVS15+01Mrq2vpGejOztb2zu5fdP2gKP+SYNLDPfN62kSCMeqQhqWSkHXCCXJuRlj2qxn5rTLigvncjJwHpuWjg0T7FSCpkZW+vLCN/Z5kF2HV8GY2nlgmLsGqZMTyF49gpwoGi86 5L2GXqdgdZBnRq37PFH2rGdDZcsLI5vaTPCi4LIxE5kFTdyj6qHXDoEk9ihoToGHogexHikmJGppluKEiA8AgNSEdJD7lE9KJZBlN4oogD+z5Xx5NwRn9PRMgVYuLaqtNFcigWvRj+53VC2b/oRdQLQkk8PH+oHzIofRgHCh3KCZZsogTCnKpdIR4ijrBUsWdUCMbil5dF0ywZZ6XydTlXMZM40uAIHIM8MMA5qIAaqIMGwOAePINX8KY9aC/au/Yxb01pycwh+FPa5xfTxKm3</latexit>

M1(q2)v̇2 + C2(q2, v2) + g2(q2) = �1dH1(q2) + �2dH2(q2)
<latexit sha1_base64="zb992Sf+h3+rC3bU0IfRTzchwpU=">AAACCXicbVDLSgMxFM3UV62vUZdugkUQhDJTiroRCm5cVrAPaIchk0nb0ExmSO4IZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BIngGhznyyqsrK6tbxQ3S1vbO7t79v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup767XumNI/lHYwT5kVkIHmfUwJG8m3cC8MYsqHvTvCZOfxws+Er7Ph22ak4M+Bl4uakjHI0fPvT3ELTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5tNMsEnRglxP1ZmScAz9XdHRiKtx1FgKiMCQ73oTcX/vG4K/Usv4zJJgUk6f6ifCgwxnsaCQ64YBTE2hFDFzV8xHRJFKJjwSiYEd3HkZdKqVtzzSu22Vq5X8ziK6Agdo1PkogtURzeogZqIogf0hF7Qq/VoPVtv1vu8tGDlPYfoD6yPbwGTl+k=</latexit>

ḧ1 + ḣ1 + h1 = 0
<latexit sha1_base64="bZO1/a51bw0HVuZHaW+idQtsQy8=">AAACCXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMKepGKLhxWcE+oB2GTCZtQzOZIckIZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BAlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0fXUb99TqVgs7vQ4oV6EB4L1GcHaSL6NemEY62zoVyfozBx+uNnQFXJ8u+xUnBnQMnFzUoYcDd/+NLeQNKJCE46V6rpOor0MS80Ip5NSL1U0wWSEB7RrqMARVV42m2SCTowSon4szRIazdTfHRmOlBpHgamMsB6qRW8q/ud1U92/9DImklRTQeYP9VOOdIymsaCQSUo0HxuCiWTmr4gMscREm/BKJgR3ceRl0qpW3PNK7bZWrlfzOIpwBMdwCi5cQB1uoAFNIPAAT/ACr9aj9Wy9We/z0oKV9xzCH1gf3wZFl+w=</latexit>

ḧ2 + ḣ2 + h2 = 0
<latexit sha1_base64="FRfVNSnGgq1mu1LZAUfrXah3EBM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ45I2qNbfu5kDrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ/lC8/RhVVCFMXKPmlQrv6eyLDQeiYCmxTYTPSqtxD/8wapiW78jMkkNVSS5UdRypGJ0eJ6FDJFieEzSzBRzO6KyAQrTIztqGJL8FZPXifdRt27qjfvm7VWo6ijDGdwDpfgwTW04A7a0AECAp7hFd4c5bw4787HMlpyiplT+APn8wdk7ZAa</latexit>

�1
<latexit sha1_base64="Kv91i/8kU2QYV/kcpYUKzWHPK3Y=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utRlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9mcZAb</latexit>

�2

<latexit sha1_base64="4yMftYxCAhHOJ3AO44Cse6OQgrw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBfVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzRqeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AH1642M</latexit>

h4
<latexit sha1_base64="5zjNg7GBp2eHM0bI3kHpzMHMYfA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdD/qX/TLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtWtW7rNbv6pVGLY+jCCdwCufgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/3b42N</latexit>

h5

<latexit sha1_base64="kcvMh39BtmN2hXsBcUy1NNxXJdA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOlqBuh4MZlBfuA6VAymUwbmkmG5I5Qhn6GGxeKuPVr3Pk3pu0stPVA4HDOueTeE6aCG3Ddb6e0sbm1vVPereztHxweVY9PukZlmrIOVULpfkgME1yyDnAQrJ9qRpJQsF44uZv7vSemDVfyEaYpCxIykjzmlICV/IGw0YgMm7fusFpz6+4CeJ14BamhAu1h9WsQKZolTAIVxBjfc1MIcqKBU8FmlUFmWErohIyYb6kkCTNBvlh5hi+sEuFYafsk4IX6eyIniTHTJLTJhMDYrHpz8T/PzyC+CXIu0wyYpMuP4kxgUHh+P464ZhTE1BJCNbe7YjommlCwLVVsCd7qyeuk26h7V/XmQ7PWahR1lNEZOkeXyEPXqIXuURt1EEUKPaNX9OaA8+K8Ox/LaMkpZk7RHzifP1+DkJ4=</latexit>

�4 = 0
<latexit sha1_base64="xo7FizMa/IpCFIOd2XvPVLb2J3c=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyU+tgIBTcuK9hamA4lk8m0oZlkSDJCGfoZblwo4tavceffmLaz0NYDgcM555J7T5hypo3rfjultfWNza3ydmVnd2//oHp41NUyU4R2iORS9UKsKWeCdgwznPZSRXEScvoYjm9n/uMTVZpJ8WAmKQ0SPBQsZgQbK/l9bqMRHlzcuINqza27c6BV4hWkBgXag+pXP5IkS6gwhGOtfc9NTZBjZRjhdFrpZ5qmmIzxkPqWCpxQHeTzlafozCoRiqWyTxg0V39P5DjRepKENplgM9LL3kz8z/MzE18HORNpZqggi4/ijCMj0ex+FDFFieETSzBRzO6KyAgrTIxtqWJL8JZPXiXdRt27rDfvm7VWo6ijDCdwCufgwRW04A7a0AECEp7hFd4c47w4787HIlpyiplj+APn8wdhCZCf</latexit>

�5 = 0

<latexit sha1_base64="o/0iMTf1XuhkMCK2qp04Fj0Qfxg="></latexit>

M1(q1)v̇1 + C1(q1, v1) + g1(q1) = �3dH3

<latexit sha1_base64="wQWtpeHl8TZ1X42+NQFPMFm9hG4=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswl0MamERsLGM4CWB5Ah7m71kyd7esTsnhJDfYGOhiK0/yM5/4ya5QhMfDDzem2FmXphKYdB1v5219Y3Nre3CTnF3b//gsHR03DRJphn3WSIT3Q6p4VIo7qNAydup5jQOJW+Fo7uZ33ri2ohEPeI45UFMB0pEglG0kj/sXd66vVLZrbhzkFXi5aQMORq90le3n7As5gqZpMZ0PDfFYEI1Cib5tNjNDE8pG9EB71iqaMxNMJkfOyXnVumTKNG2FJK5+ntiQmNjxnFoO2OKQ7PszcT/vE6G0U0wESrNkCu2WBRlkmBCZp+TvtCcoRxbQpkW9lbChlRThjafog3BW355lTSrFe+qUnuolevVPI4CnMIZXIAH11CHe2iADwwEPMMrvDnKeXHenY9F65qTz5zAHzifP+Qojgs=</latexit>

h3 < 0

<latexit sha1_base64="/YRYcrZlR5UrEoGTJQXaWOh9aNc=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYWdSUFNy4r2AdMh5LJZNrQTDIkd4Qy9DPcuFDErV/jzr8xbWehrQcCh3POJfeeMBXcgOt+O2vrG5tb26Wd8u7e/sFh5ei4Y1SmKWtTJZTuhcQwwSVrAwfBeqlmJAkF64bju5nffWLacCUfYZKyICFDyWNOCVjJ7wsbjcjg8tYdVKpuzZ0DrxKvIFVUoDWofPUjRbOESaCCGON7bgpBTjRwKti03M8MSwkdkyHzLZUkYSbI5ytP8blVIhwrbZ8EPFd/T+QkMWaShDaZEBiZZW8m/uf5GcQ3Qc5lmgGTdPFRnAkMCs/uxxHXjIKYWEKo5nZXTEdEEwq2pbItwVs+eZV06jXvqtZ4aFSb9aKOEjpFZ+gCeegaNdE9aqE2okihZ/SK3hxwXpx352MRXXOKmRP0B87nD1+CkJ4=</latexit>

�3 > 0

Freeze – Fast system is linear 

<latexit sha1_base64="/s9g3M4TxD8uNVJ7YYsvWXZEnTc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUUl0W3LisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gOBwznnkntPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPQ64jYZ4eDUsV9yquwBaJ15OKpCjNSx/DcKYpIJKQzjWuu+5ifEzrAwjnM5Kg1TTBJMJHtG+pRILqv1ssfAMXVglRFGs7JMGLdTfExkWWk9FYJMCm7Fe9ebif14/NdGNnzGZpIZKsvwoSjkyMZpfj0KmKDF8agkmitldERljhYmxHZVsCd7qyeukU6t6jWr9vl5p1vI6inAG53AJHlxDE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8AZ/WQHA==</latexit>

�3

<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3

Solution for 
Simulated in fast time scale

<latexit sha1_base64="vyv3QPZKMQN5n41vUnEsjjYCD78=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkrSFnVZcOOygn1AG8NkMmmHTiZhZqKU0P9w40IRt/6LO//GaZuFth4YOJxzLvfO8RPOlLbtb6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1xzczv/tIpWKxuNeThLoRHgoWMoK1kR4G3EQD7NUv0Mire+WKXbXnQKvEyUkFcrS88tcgiEkaUaEJx0r1HTvRboalZoTTaWmQKppgMsZD2jdU4IgqN5tfPUVnRglQGEvzhEZz9fdEhiOlJpFvkhHWI7XszcT/vH6qw2s3YyJJNRVksShMOdIxmlWAAiYp0XxiCCaSmVsRGWGJiTZFlUwJzvKXV0mnVnUuq427RqVZy+sowgmcwjk4cAVNuIUWtIGAhGd4hTfryXqx3q2PRbRg5TPH8AfW5w8h3JGU</latexit>

�3, h3

FSM for 
<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3

12-Sep-2022

<latexit sha1_base64="0r8NJxEtNgwXludosu2KNs4jtw0=">AAACGXicbVDLSgMxFM34rPU16tJNsAiCUDJtUTdCwY3LCvYBnWHIZNJOaCYzJBmhDP0NN/6KGxeKuNSVf2PazkJbD1w4nHNvcu8JUs6URujbWlldW9/YLG2Vt3d29/btg8OOSjJJaJskPJG9ACvKmaBtzTSnvVRSHAecdoPRzdTvPlCpWCLu9TilXoyHgg0YwdpIvo3cMEx0Hk38OjyHLuZphH0HussigpFfv0a+XUFVNANcJk5BKqBAy7c/zWMki6nQhGOl+g5KtZdjqRnhdFJ2M0VTTEZ4SPuGChxT5eWzyybw1CghHCTSlNBwpv6eyHGs1DgOTGeMdaQWvan4n9fP9ODKy5lIM00FmX80yDjUCZzGBEMmKdF8bAgmkpldIYmwxESbMMsmBGfx5GXSqVWdi2rjrlFp1oo4SuAYnIAz4IBL0AS3oAXagIBH8AxewZv1ZL1Y79bHvHXFKmaOwB9YXz8oIJ5y</latexit>

ḧ3 + ↵1ḣ3 + ↵0h3 = 0
Represents elastic impact…

Tune parameters to material propertiesTune parameters to material properties
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<latexit sha1_base64="kOwnDUY7x7qQRKYDWY8hKH9puvg=">AAACQ3icbZDLSgMxFIYz9VbrrerSTbAILZUyMxR1IxS66UaoYC/YliGTSdvQzMUkUyhD382NL+DOF3DjQhG3gpl2FG09EPj5/nOSk98OGBVS15+01Mrq2vpGejOztb2zu5fdP2gKP+SYNLDPfN62kSCMeqQhqWSkHXCCXJuRlj2qxn5rTLigvncjJwHpuWjg0T7FSCpkZW+vLCN/Z5kF2HV8GY2nlgmLsGqZMTyF49gpwoGi86 5L2GXqdgdZBnRq37PFH2rGdDZcsLI5vaTPCi4LIxE5kFTdyj6qHXDoEk9ihoToGHogexHikmJGppluKEiA8AgNSEdJD7lE9KJZBlN4oogD+z5Xx5NwRn9PRMgVYuLaqtNFcigWvRj+53VC2b/oRdQLQkk8PH+oHzIofRgHCh3KCZZsogTCnKpdIR4ijrBUsWdUCMbil5dF0ywZZ6XydTlXMZM40uAIHIM8MMA5qIAaqIMGwOAePINX8KY9aC/au/Yxb01pycwh+FPa5xfTxKm3</latexit>

M1(q2)v̇2 + C2(q2, v2) + g2(q2) = �1dH1(q2) + �2dH2(q2)
<latexit sha1_base64="zb992Sf+h3+rC3bU0IfRTzchwpU=">AAACCXicbVDLSgMxFM3UV62vUZdugkUQhDJTiroRCm5cVrAPaIchk0nb0ExmSO4IZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BIngGhznyyqsrK6tbxQ3S1vbO7t79v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup767XumNI/lHYwT5kVkIHmfUwJG8m3cC8MYsqHvTvCZOfxws+Er7Ph22ak4M+Bl4uakjHI0fPvT3ELTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5tNMsEnRglxP1ZmScAz9XdHRiKtx1FgKiMCQ73oTcX/vG4K/Usv4zJJgUk6f6ifCgwxnsaCQ64YBTE2hFDFzV8xHRJFKJjwSiYEd3HkZdKqVtzzSu22Vq5X8ziK6Agdo1PkogtURzeogZqIogf0hF7Qq/VoPVtv1vu8tGDlPYfoD6yPbwGTl+k=</latexit>

ḧ1 + ḣ1 + h1 = 0
<latexit sha1_base64="bZO1/a51bw0HVuZHaW+idQtsQy8=">AAACCXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMKepGKLhxWcE+oB2GTCZtQzOZIckIZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BAlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0fXUb99TqVgs7vQ4oV6EB4L1GcHaSL6NemEY62zoVyfozBx+uNnQFXJ8u+xUnBnQMnFzUoYcDd/+NLeQNKJCE46V6rpOor0MS80Ip5NSL1U0wWSEB7RrqMARVV42m2SCTowSon4szRIazdTfHRmOlBpHgamMsB6qRW8q/ud1U92/9DImklRTQeYP9VOOdIymsaCQSUo0HxuCiWTmr4gMscREm/BKJgR3ceRl0qpW3PNK7bZWrlfzOIpwBMdwCi5cQB1uoAFNIPAAT/ACr9aj9Wy9We/z0oKV9xzCH1gf3wZFl+w=</latexit>

ḧ2 + ḣ2 + h2 = 0
<latexit sha1_base64="FRfVNSnGgq1mu1LZAUfrXah3EBM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ45I2qNbfu5kDrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ/lC8/RhVVCFMXKPmlQrv6eyLDQeiYCmxTYTPSqtxD/8wapiW78jMkkNVSS5UdRypGJ0eJ6FDJFieEzSzBRzO6KyAQrTIztqGJL8FZPXifdRt27qjfvm7VWo6ijDGdwDpfgwTW04A7a0AECAp7hFd4c5bw4787HMlpyiplT+APn8wdk7ZAa</latexit>

�1
<latexit sha1_base64="Kv91i/8kU2QYV/kcpYUKzWHPK3Y=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utRlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9mcZAb</latexit>

�2

<latexit sha1_base64="4yMftYxCAhHOJ3AO44Cse6OQgrw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBfVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzRqeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AH1642M</latexit>

h4
<latexit sha1_base64="5zjNg7GBp2eHM0bI3kHpzMHMYfA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdD/qX/TLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtWtW7rNbv6pVGLY+jCCdwCufgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/3b42N</latexit>

h5

<latexit sha1_base64="kcvMh39BtmN2hXsBcUy1NNxXJdA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOlqBuh4MZlBfuA6VAymUwbmkmG5I5Qhn6GGxeKuPVr3Pk3pu0stPVA4HDOueTeE6aCG3Ddb6e0sbm1vVPereztHxweVY9PukZlmrIOVULpfkgME1yyDnAQrJ9qRpJQsF44uZv7vSemDVfyEaYpCxIykjzmlICV/IGw0YgMm7fusFpz6+4CeJ14BamhAu1h9WsQKZolTAIVxBjfc1MIcqKBU8FmlUFmWErohIyYb6kkCTNBvlh5hi+sEuFYafsk4IX6eyIniTHTJLTJhMDYrHpz8T/PzyC+CXIu0wyYpMuP4kxgUHh+P464ZhTE1BJCNbe7YjommlCwLVVsCd7qyeuk26h7V/XmQ7PWahR1lNEZOkeXyEPXqIXuURt1EEUKPaNX9OaA8+K8Ox/LaMkpZk7RHzifP1+DkJ4=</latexit>

�4 = 0
<latexit sha1_base64="xo7FizMa/IpCFIOd2XvPVLb2J3c=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyU+tgIBTcuK9hamA4lk8m0oZlkSDJCGfoZblwo4tavceffmLaz0NYDgcM555J7T5hypo3rfjultfWNza3ydmVnd2//oHp41NUyU4R2iORS9UKsKWeCdgwznPZSRXEScvoYjm9n/uMTVZpJ8WAmKQ0SPBQsZgQbK/l9bqMRHlzcuINqza27c6BV4hWkBgXag+pXP5IkS6gwhGOtfc9NTZBjZRjhdFrpZ5qmmIzxkPqWCpxQHeTzlafozCoRiqWyTxg0V39P5DjRepKENplgM9LL3kz8z/MzE18HORNpZqggi4/ijCMj0ex+FDFFieETSzBRzO6KyAgrTIxtqWJL8JZPXiXdRt27rDfvm7VWo6ijDCdwCufgwRW04A7a0AECEp7hFd4c47w4787HIlpyiplj+APn8wdhCZCf</latexit>

�5 = 0

<latexit sha1_base64="o/0iMTf1XuhkMCK2qp04Fj0Qfxg="></latexit>

M1(q1)v̇1 + C1(q1, v1) + g1(q1) = �3dH3
<latexit sha1_base64="oOosMt9Gw3ZOzUwYNCUyEyt6X+A=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQShJW9SNUHDjsoK9QBvCZDJph04uzEyEErp146u4caGIW9/AnW/jpM1CWw8MfPOfy8z5vYQzqSzr21hZXVvf2Cxtlbd3dvf2zYPDjoxTQWibxDwWPQ9LyllE24opTnuJoDj0OO1645s8332gQrI4uleThDohHkYsYAQrLbkmGvh+rLKRW5+ic33JeerWNWsJXSPLNStW1ZoFWga7gAoU0XLNLz2FpCGNFOFYyr5tJcrJsFCMcDotD1JJE0zGeEj7GiMcUulks02m6FQrPgpioU+k0Ez93ZHhUMpJ6OnKEKuRXMzl4n+5fqqCKydjUZIqGpH5Q0HKkYpRbgvymaBE8YkGTATTf0VkhAUmSptX1ibYiysvQ6dWtS+qjbtGpVkr7CjBMZzAGdhwCU24hRa0gcAjPMMrvBlPxovxbnzMS1eMoucI/oTx+QMLX5fv</latexit>

ḧ3 + ḣ3 + h3 = 0

<latexit sha1_base64="r7Xl33+JFkV+pwn30oQQabta6RE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6kUoePFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut7O2vrG5tV3YKe7u7R8clo6OmybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDfzW09cG5GoRxynPIjpQIlIMIpW8oe9y1u3Vyq7FXcOskq8nJQhR6NX+ur2E5bFXCGT1JiO56YYTKhGwSSfFruZ4SllIzrgHUsVjbkJJvNjp+TcKn0SJdqWQjJXf09MaGzMOA5tZ0xxaJa9mfif18kwugkmQqUZcsUWi6JMEkzI7HPSF5ozlGNLKNPC3krYkGrK0OZTtCF4yy+vkma14l1Vag+1cr2ax1GAUziDC/DgGupwDw3wgYGAZ3iFN0c5L86787FoXXPymRP4A+fzB+Wtjgw=</latexit>

h3 = 0

<latexit sha1_base64="/s9g3M4TxD8uNVJ7YYsvWXZEnTc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUUl0W3LisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gOBwznnkntPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPQ64jYZ4eDUsV9yquwBaJ15OKpCjNSx/DcKYpIJKQzjWuu+5ifEzrAwjnM5Kg1TTBJMJHtG+pRILqv1ssfAMXVglRFGs7JMGLdTfExkWWk9FYJMCm7Fe9ebif14/NdGNnzGZpIZKsvwoSjkyMZpfj0KmKDF8agkmitldERljhYmxHZVsCd7qyeukU6t6jWr9vl5p1vI6inAG53AJHlxDE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8AZ/WQHA==</latexit>

�3

<latexit sha1_base64="/s9g3M4TxD8uNVJ7YYsvWXZEnTc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUUl0W3LisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gOBwznnkntPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPQ64jYZ4eDUsV9yquwBaJ15OKpCjNSx/DcKYpIJKQzjWuu+5ifEzrAwjnM5Kg1TTBJMJHtG+pRILqv1ssfAMXVglRFGs7JMGLdTfExkWWk9FYJMCm7Fe9ebif14/NdGNnzGZpIZKsvwoSjkyMZpfj0KmKDF8agkmitldERljhYmxHZVsCd7qyeukU6t6jWr9vl5p1vI6inAG53AJHlxDE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8AZ/WQHA==</latexit>

�3

<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3

Solution for 
Simulated in fast time scale

<latexit sha1_base64="vyv3QPZKMQN5n41vUnEsjjYCD78=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkrSFnVZcOOygn1AG8NkMmmHTiZhZqKU0P9w40IRt/6LO//GaZuFth4YOJxzLvfO8RPOlLbtb6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1xzczv/tIpWKxuNeThLoRHgoWMoK1kR4G3EQD7NUv0Mire+WKXbXnQKvEyUkFcrS88tcgiEkaUaEJx0r1HTvRboalZoTTaWmQKppgMsZD2jdU4IgqN5tfPUVnRglQGEvzhEZz9fdEhiOlJpFvkhHWI7XszcT/vH6qw2s3YyJJNRVksShMOdIxmlWAAiYp0XxiCCaSmVsRGWGJiTZFlUwJzvKXV0mnVnUuq427RqVZy+sowgmcwjk4cAVNuIUWtIGAhGd4hTfryXqx3q2PRbRg5TPH8AfW5w8h3JGU</latexit>

�3, h3

FSM for 
<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3

12-Sep-2022

Now enforces constraint

Tune parameters to material propertiesMade parameters =1 to reduce stiffness



© MERL

Cartoon Example – Collision 

30

<latexit sha1_base64="kOwnDUY7x7qQRKYDWY8hKH9puvg=">AAACQ3icbZDLSgMxFIYz9VbrrerSTbAILZUyMxR1IxS66UaoYC/YliGTSdvQzMUkUyhD382NL+DOF3DjQhG3gpl2FG09EPj5/nOSk98OGBVS15+01Mrq2vpGejOztb2zu5fdP2gKP+SYNLDPfN62kSCMeqQhqWSkHXCCXJuRlj2qxn5rTLigvncjJwHpuWjg0T7FSCpkZW+vLCN/Z5kF2HV8GY2nlgmLsGqZMTyF49gpwoGi86 5L2GXqdgdZBnRq37PFH2rGdDZcsLI5vaTPCi4LIxE5kFTdyj6qHXDoEk9ihoToGHogexHikmJGppluKEiA8AgNSEdJD7lE9KJZBlN4oogD+z5Xx5NwRn9PRMgVYuLaqtNFcigWvRj+53VC2b/oRdQLQkk8PH+oHzIofRgHCh3KCZZsogTCnKpdIR4ijrBUsWdUCMbil5dF0ywZZ6XydTlXMZM40uAIHIM8MMA5qIAaqIMGwOAePINX8KY9aC/au/Yxb01pycwh+FPa5xfTxKm3</latexit>

M1(q2)v̇2 + C2(q2, v2) + g2(q2) = �1dH1(q2) + �2dH2(q2)
<latexit sha1_base64="zb992Sf+h3+rC3bU0IfRTzchwpU=">AAACCXicbVDLSgMxFM3UV62vUZdugkUQhDJTiroRCm5cVrAPaIchk0nb0ExmSO4IZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BIngGhznyyqsrK6tbxQ3S1vbO7t79v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup767XumNI/lHYwT5kVkIHmfUwJG8m3cC8MYsqHvTvCZOfxws+Er7Ph22ak4M+Bl4uakjHI0fPvT3ELTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5tNMsEnRglxP1ZmScAz9XdHRiKtx1FgKiMCQ73oTcX/vG4K/Usv4zJJgUk6f6ifCgwxnsaCQ64YBTE2hFDFzV8xHRJFKJjwSiYEd3HkZdKqVtzzSu22Vq5X8ziK6Agdo1PkogtURzeogZqIogf0hF7Qq/VoPVtv1vu8tGDlPYfoD6yPbwGTl+k=</latexit>

ḧ1 + ḣ1 + h1 = 0
<latexit sha1_base64="bZO1/a51bw0HVuZHaW+idQtsQy8=">AAACCXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMKepGKLhxWcE+oB2GTCZtQzOZIckIZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BAlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0fXUb99TqVgs7vQ4oV6EB4L1GcHaSL6NemEY62zoVyfozBx+uNnQFXJ8u+xUnBnQMnFzUoYcDd/+NLeQNKJCE46V6rpOor0MS80Ip5NSL1U0wWSEB7RrqMARVV42m2SCTowSon4szRIazdTfHRmOlBpHgamMsB6qRW8q/ud1U92/9DImklRTQeYP9VOOdIymsaCQSUo0HxuCiWTmr4gMscREm/BKJgR3ceRl0qpW3PNK7bZWrlfzOIpwBMdwCi5cQB1uoAFNIPAAT/ACr9aj9Wy9We/z0oKV9xzCH1gf3wZFl+w=</latexit>

ḧ2 + ḣ2 + h2 = 0
<latexit sha1_base64="FRfVNSnGgq1mu1LZAUfrXah3EBM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ45I2qNbfu5kDrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ/lC8/RhVVCFMXKPmlQrv6eyLDQeiYCmxTYTPSqtxD/8wapiW78jMkkNVSS5UdRypGJ0eJ6FDJFieEzSzBRzO6KyAQrTIztqGJL8FZPXifdRt27qjfvm7VWo6ijDGdwDpfgwTW04A7a0AECAp7hFd4c5bw4787HMlpyiplT+APn8wdk7ZAa</latexit>

�1
<latexit sha1_base64="Kv91i/8kU2QYV/kcpYUKzWHPK3Y=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utRlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9mcZAb</latexit>

�2

<latexit sha1_base64="5zjNg7GBp2eHM0bI3kHpzMHMYfA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdD/qX/TLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtWtW7rNbv6pVGLY+jCCdwCufgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/3b42N</latexit>

h5

<latexit sha1_base64="xo7FizMa/IpCFIOd2XvPVLb2J3c=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyU+tgIBTcuK9hamA4lk8m0oZlkSDJCGfoZblwo4tavceffmLaz0NYDgcM555J7T5hypo3rfjultfWNza3ydmVnd2//oHp41NUyU4R2iORS9UKsKWeCdgwznPZSRXEScvoYjm9n/uMTVZpJ8WAmKQ0SPBQsZgQbK/l9bqMRHlzcuINqza27c6BV4hWkBgXag+pXP5IkS6gwhGOtfc9NTZBjZRjhdFrpZ5qmmIzxkPqWCpxQHeTzlafozCoRiqWyTxg0V39P5DjRepKENplgM9LL3kz8z/MzE18HORNpZqggi4/ijCMj0ex+FDFFieETSzBRzO6KyAgrTIxtqWJL8JZPXiXdRt27rDfvm7VWo6ijDCdwCufgwRW04A7a0AECEp7hFd4c47w4787HIlpyiplj+APn8wdhCZCf</latexit>

�5 = 0

<latexit sha1_base64="oOosMt9Gw3ZOzUwYNCUyEyt6X+A=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQShJW9SNUHDjsoK9QBvCZDJph04uzEyEErp146u4caGIW9/AnW/jpM1CWw8MfPOfy8z5vYQzqSzr21hZXVvf2Cxtlbd3dvf2zYPDjoxTQWibxDwWPQ9LyllE24opTnuJoDj0OO1645s8332gQrI4uleThDohHkYsYAQrLbkmGvh+rLKRW5+ic33JeerWNWsJXSPLNStW1ZoFWga7gAoU0XLNLz2FpCGNFOFYyr5tJcrJsFCMcDotD1JJE0zGeEj7GiMcUulks02m6FQrPgpioU+k0Ez93ZHhUMpJ6OnKEKuRXMzl4n+5fqqCKydjUZIqGpH5Q0HKkYpRbgvymaBE8YkGTATTf0VkhAUmSptX1ibYiysvQ6dWtS+qjbtGpVkr7CjBMZzAGdhwCU24hRa0gcAjPMMrvBlPxovxbnzMS1eMoucI/oTx+QMLX5fv</latexit>

ḧ3 + ḣ3 + h3 = 0

<latexit sha1_base64="r7Xl33+JFkV+pwn30oQQabta6RE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6kUoePFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut7O2vrG5tV3YKe7u7R8clo6OmybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDfzW09cG5GoRxynPIjpQIlIMIpW8oe9y1u3Vyq7FXcOskq8nJQhR6NX+ur2E5bFXCGT1JiO56YYTKhGwSSfFruZ4SllIzrgHUsVjbkJJvNjp+TcKn0SJdqWQjJXf09MaGzMOA5tZ0xxaJa9mfif18kwugkmQqUZcsUWi6JMEkzI7HPSF5ozlGNLKNPC3krYkGrK0OZTtCF4yy+vkma14l1Vag+1cr2ax1GAUziDC/DgGupwDw3wgYGAZ3iFN0c5L86787FoXXPymRP4A+fzB+Wtjgw=</latexit>

h3 = 0

<latexit sha1_base64="/s9g3M4TxD8uNVJ7YYsvWXZEnTc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUUl0W3LisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gOBwznnkntPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPQ64jYZ4eDUsV9yquwBaJ15OKpCjNSx/DcKYpIJKQzjWuu+5ifEzrAwjnM5Kg1TTBJMJHtG+pRILqv1ssfAMXVglRFGs7JMGLdTfExkWWk9FYJMCm7Fe9ebif14/NdGNnzGZpIZKsvwoSjkyMZpfj0KmKDF8agkmitldERljhYmxHZVsCd7qyeukU6t6jWr9vl5p1vI6inAG53AJHlxDE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8AZ/WQHA==</latexit>

�3

<latexit sha1_base64="Td3BDAj6sJzCKtzrwc5CxJCm2CI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUS9CwYvHCqYttKFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjuFjc2t7Z3ibmlv/+DwqHx80tJJphj6LBGJ6oRUo+ASfcONwE6qkMahwHY4vpv77SdUmify0UxSDGI6lDzijBor+aN+/dbtlytu1V2ArBMvJxXI0eyXv3qDhGUxSsME1brruakJplQZzgTOSr1MY0rZmA6xa6mkMepgujh2Ri6sMiBRomxJQxbq74kpjbWexKHtjKkZ6VVvLv7ndTMT3QRTLtPMoGTLRVEmiEnI/HMy4AqZERNLKFPc3krYiCrKjM2nZEPwVl9eJ61a1buq1h/qlUYtj6MIZ3AOl+DBNTTgHprgAwMOz/AKb450Xpx352PZWnDymVP4A+fzB+czjg0=</latexit>

h4 = 0
<latexit sha1_base64="kcvMh39BtmN2hXsBcUy1NNxXJdA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOlqBuh4MZlBfuA6VAymUwbmkmG5I5Qhn6GGxeKuPVr3Pk3pu0stPVA4HDOueTeE6aCG3Ddb6e0sbm1vVPereztHxweVY9PukZlmrIOVULpfkgME1yyDnAQrJ9qRpJQsF44uZv7vSemDVfyEaYpCxIykjzmlICV/IGw0YgMm7fusFpz6+4CeJ14BamhAu1h9WsQKZolTAIVxBjfc1MIcqKBU8FmlUFmWErohIyYb6kkCTNBvlh5hi+sEuFYafsk4IX6eyIniTHTJLTJhMDYrHpz8T/PzyC+CXIu0wyYpMuP4kxgUHh+P464ZhTE1BJCNbe7YjommlCwLVVsCd7qyeuk26h7V/XmQ7PWahR1lNEZOkeXyEPXqIXuURt1EEUKPaNX9OaA8+K8Ox/LaMkpZk7RHzifP1+DkJ4=</latexit>

�4 = 0

<latexit sha1_base64="aR3aSBLUHhDaB2XSdyvY6g6Z9NE="></latexit>

M1(q1)v̇1 + C1(q1, v1) + g1(q1) = �3dH3(q1) + �4dH4(q1)

FSM for 
<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3
FSM for 

<latexit sha1_base64="4yMftYxCAhHOJ3AO44Cse6OQgrw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBfVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzRqeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AH1642M</latexit>

h4
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<latexit sha1_base64="mMg0b9cAaxu1JA4kqP5W8FKg4ZU=">AAACGXicbVDLSsNAFJ34rPUVdelmsAiCUCYlqBuh4MZlBfuAJoTJZNoMnUzCzEQoob/hxl9x40IRl7ryb5y2WWjrgQuHc+6dufeEGWdKI/RtrayurW9sVraq2zu7e/v2wWFHpbkktE1SnspeiBXlTNC2ZprTXiYpTkJOu+HoZup3H6hULBX3epxRP8FDwQaMYG2kwEZeFKW6iCeBC8+hh3kW48CB3rKIYBy41yiwa6iOZoDLxClJDZRoBfaneYzkCRWacKxU30GZ9gssNSOcTqpermiGyQgPad9QgROq/GJ22QSeGiWCg1SaEhrO1N8TBU6UGieh6UywjtWiNxX/8/q5Hlz5BRNZrqkg848GOYc6hdOYYMQkJZqPDcFEMrMrJDGWmGgTZtWE4CyevEw6jbpzUXfv3FqzUcZRAcfgBJwBB1yCJrgFLdAGBDyCZ/AK3qwn68V6tz7mrStWOXME/sD6+gEs5Z51</latexit>

ḧ4 + ↵1ḣ4 + ↵0h4 = 0
Represents second elastic impact…
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<latexit sha1_base64="kOwnDUY7x7qQRKYDWY8hKH9puvg=">AAACQ3icbZDLSgMxFIYz9VbrrerSTbAILZUyMxR1IxS66UaoYC/YliGTSdvQzMUkUyhD382NL+DOF3DjQhG3gpl2FG09EPj5/nOSk98OGBVS15+01Mrq2vpGejOztb2zu5fdP2gKP+SYNLDPfN62kSCMeqQhqWSkHXCCXJuRlj2qxn5rTLigvncjJwHpuWjg0T7FSCpkZW+vLCN/Z5kF2HV8GY2nlgmLsGqZMTyF49gpwoGi86 5L2GXqdgdZBnRq37PFH2rGdDZcsLI5vaTPCi4LIxE5kFTdyj6qHXDoEk9ihoToGHogexHikmJGppluKEiA8AgNSEdJD7lE9KJZBlN4oogD+z5Xx5NwRn9PRMgVYuLaqtNFcigWvRj+53VC2b/oRdQLQkk8PH+oHzIofRgHCh3KCZZsogTCnKpdIR4ijrBUsWdUCMbil5dF0ywZZ6XydTlXMZM40uAIHIM8MMA5qIAaqIMGwOAePINX8KY9aC/au/Yxb01pycwh+FPa5xfTxKm3</latexit>

M1(q2)v̇2 + C2(q2, v2) + g2(q2) = �1dH1(q2) + �2dH2(q2)
<latexit sha1_base64="zb992Sf+h3+rC3bU0IfRTzchwpU=">AAACCXicbVDLSgMxFM3UV62vUZdugkUQhDJTiroRCm5cVrAPaIchk0nb0ExmSO4IZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BIngGhznyyqsrK6tbxQ3S1vbO7t79v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup767XumNI/lHYwT5kVkIHmfUwJG8m3cC8MYsqHvTvCZOfxws+Er7Ph22ak4M+Bl4uakjHI0fPvT3ELTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5tNMsEnRglxP1ZmScAz9XdHRiKtx1FgKiMCQ73oTcX/vG4K/Usv4zJJgUk6f6ifCgwxnsaCQ64YBTE2hFDFzV8xHRJFKJjwSiYEd3HkZdKqVtzzSu22Vq5X8ziK6Agdo1PkogtURzeogZqIogf0hF7Qq/VoPVtv1vu8tGDlPYfoD6yPbwGTl+k=</latexit>

ḧ1 + ḣ1 + h1 = 0
<latexit sha1_base64="bZO1/a51bw0HVuZHaW+idQtsQy8=">AAACCXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMKepGKLhxWcE+oB2GTCZtQzOZIckIZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BAlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0fXUb99TqVgs7vQ4oV6EB4L1GcHaSL6NemEY62zoVyfozBx+uNnQFXJ8u+xUnBnQMnFzUoYcDd/+NLeQNKJCE46V6rpOor0MS80Ip5NSL1U0wWSEB7RrqMARVV42m2SCTowSon4szRIazdTfHRmOlBpHgamMsB6qRW8q/ud1U92/9DImklRTQeYP9VOOdIymsaCQSUo0HxuCiWTmr4gMscREm/BKJgR3ceRl0qpW3PNK7bZWrlfzOIpwBMdwCi5cQB1uoAFNIPAAT/ACr9aj9Wy9We/z0oKV9xzCH1gf3wZFl+w=</latexit>

ḧ2 + ḣ2 + h2 = 0
<latexit sha1_base64="FRfVNSnGgq1mu1LZAUfrXah3EBM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ45I2qNbfu5kDrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ/lC8/RhVVCFMXKPmlQrv6eyLDQeiYCmxTYTPSqtxD/8wapiW78jMkkNVSS5UdRypGJ0eJ6FDJFieEzSzBRzO6KyAQrTIztqGJL8FZPXifdRt27qjfvm7VWo6ijDGdwDpfgwTW04A7a0AECAp7hFd4c5bw4787HMlpyiplT+APn8wdk7ZAa</latexit>

�1
<latexit sha1_base64="Kv91i/8kU2QYV/kcpYUKzWHPK3Y=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utRlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9mcZAb</latexit>

�2

<latexit sha1_base64="5zjNg7GBp2eHM0bI3kHpzMHMYfA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdD/qX/TLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtWtW7rNbv6pVGLY+jCCdwCufgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/3b42N</latexit>

h5

<latexit sha1_base64="xo7FizMa/IpCFIOd2XvPVLb2J3c=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyU+tgIBTcuK9hamA4lk8m0oZlkSDJCGfoZblwo4tavceffmLaz0NYDgcM555J7T5hypo3rfjultfWNza3ydmVnd2//oHp41NUyU4R2iORS9UKsKWeCdgwznPZSRXEScvoYjm9n/uMTVZpJ8WAmKQ0SPBQsZgQbK/l9bqMRHlzcuINqza27c6BV4hWkBgXag+pXP5IkS6gwhGOtfc9NTZBjZRjhdFrpZ5qmmIzxkPqWCpxQHeTzlafozCoRiqWyTxg0V39P5DjRepKENplgM9LL3kz8z/MzE18HORNpZqggi4/ijCMj0ex+FDFFieETSzBRzO6KyAgrTIxtqWJL8JZPXiXdRt27rDfvm7VWo6ijDCdwCufgwRW04A7a0AECEp7hFd4c47w4787HIlpyiplj+APn8wdhCZCf</latexit>

�5 = 0
<latexit sha1_base64="r7Xl33+JFkV+pwn30oQQabta6RE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6kUoePFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut7O2vrG5tV3YKe7u7R8clo6OmybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDfzW09cG5GoRxynPIjpQIlIMIpW8oe9y1u3Vyq7FXcOskq8nJQhR6NX+ur2E5bFXCGT1JiO56YYTKhGwSSfFruZ4SllIzrgHUsVjbkJJvNjp+TcKn0SJdqWQjJXf09MaGzMOA5tZ0xxaJa9mfif18kwugkmQqUZcsUWi6JMEkzI7HPSF5ozlGNLKNPC3krYkGrK0OZTtCF4yy+vkma14l1Vag+1cr2ax1GAUziDC/DgGupwDw3wgYGAZ3iFN0c5L86787FoXXPymRP4A+fzB+Wtjgw=</latexit>

h3 = 0

<latexit sha1_base64="/s9g3M4TxD8uNVJ7YYsvWXZEnTc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqszUUl0W3LisYB/SDiWTybShSWZIMkIZ+hVuXCji1s9x59+YtrPQ1gOBwznnkntPkHCmjet+O4WNza3tneJuaW//4PCofHzS0XGqCG2TmMeqF2BNOZO0bZjhtJcoikXAaTeY3M797hNVmsXywUwT6gs8kixiBBsrPQ64jYZ4eDUsV9yquwBaJ15OKpCjNSx/DcKYpIJKQzjWuu+5ifEzrAwjnM5Kg1TTBJMJHtG+pRILqv1ssfAMXVglRFGs7JMGLdTfExkWWk9FYJMCm7Fe9ebif14/NdGNnzGZpIZKsvwoSjkyMZpfj0KmKDF8agkmitldERljhYmxHZVsCd7qyeukU6t6jWr9vl5p1vI6inAG53AJHlxDE+6gBW0gIOAZXuHNUc6L8+58LKMFJ585hT9wPn8AZ/WQHA==</latexit>

�3 <latexit sha1_base64="qFNywoqbyXlT8cjEs/WflEixTbM=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOlqCspuHFZwT5gOpRMJtOGZpIhuSOUoZ/hxoUibv0ad/6NaTsLbT0QOJxzLrn3hKngBlz32yltbG5t75R3K3v7B4dH1eOTrlGZpqxDlVC6HxLDBJesAxwE66eakSQUrBdO7uZ+74lpw5V8hGnKgoSMJI85JWAlfyBsNCLD5q07rNbcursAXideQWqoQHtY/RpEimYJk0AFMcb33BSCnGjgVLBZZZAZlhI6ISPmWypJwkyQL1ae4QurRDhW2j4JeKH+nshJYsw0CW0yITA2q95c/M/zM4hvgpzLNAMm6fKjOBMYFJ7fjyOuGQUxtYRQze2umI6JJhRsSxVbgrd68jrpNureVb350Ky1GkUdZXSGztEl8tA1aqF71EYdRJFCz+gVvTngvDjvzscyWnKKmVP0B87nD2EIkJ8=</latexit>

�4 > 0

<latexit sha1_base64="489FziSycuUED/Z5V5JZkRlvlms=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUAuLgI1lBC8JJEfY28wlS/b2jt09IYT8BhsLRWz9QXb+GzfJFZr4YODx3gwz88JUcG1c99spbGxube8Ud0t7+weHR+Xjk5ZOMsXQZ4lIVCekGgWX6BtuBHZShTQOBbbD8d3cbz+h0jyRj2aSYhDToeQRZ9RYyR/167duv1xxq+4CZJ14OalAjma//NUbJCyLURomqNZdz01NMKXKcCZwVuplGlPKxnSIXUsljVEH08WxM3JhlQGJEmVLGrJQf09Maaz1JA5tZ0zNSK96c/E/r5uZ6CaYcplmBiVbLooyQUxC5p+TAVfIjJhYQpni9lbCRlRRZmw+JRuCt/ryOmnVqt5Vtf5QrzRqeRxFOINzuAQPrqEB99AEHxhweIZXeHOk8+K8Ox/L1oKTz5zCHzifP+Wujgw=</latexit>

h4 < 0

<latexit sha1_base64="oOosMt9Gw3ZOzUwYNCUyEyt6X+A=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1gEQShJW9SNUHDjsoK9QBvCZDJph04uzEyEErp146u4caGIW9/AnW/jpM1CWw8MfPOfy8z5vYQzqSzr21hZXVvf2Cxtlbd3dvf2zYPDjoxTQWibxDwWPQ9LyllE24opTnuJoDj0OO1645s8332gQrI4uleThDohHkYsYAQrLbkmGvh+rLKRW5+ic33JeerWNWsJXSPLNStW1ZoFWga7gAoU0XLNLz2FpCGNFOFYyr5tJcrJsFCMcDotD1JJE0zGeEj7GiMcUulks02m6FQrPgpioU+k0Ez93ZHhUMpJ6OnKEKuRXMzl4n+5fqqCKydjUZIqGpH5Q0HKkYpRbgvymaBE8YkGTATTf0VkhAUmSptX1ibYiysvQ6dWtS+qjbtGpVkr7CjBMZzAGdhwCU24hRa0gcAjPMMrvBlPxovxbnzMS1eMoucI/oTx+QMLX5fv</latexit>

ḧ3 + ḣ3 + h3 = 0

<latexit sha1_base64="aR3aSBLUHhDaB2XSdyvY6g6Z9NE="></latexit>

M1(q1)v̇1 + C1(q1, v1) + g1(q1) = �3dH3(q1) + �4dH4(q1)

FSM for 
<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3
FSM for 

<latexit sha1_base64="4yMftYxCAhHOJ3AO44Cse6OQgrw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBfVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzRqeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AH1642M</latexit>

h4
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<latexit sha1_base64="mMg0b9cAaxu1JA4kqP5W8FKg4ZU=">AAACGXicbVDLSsNAFJ34rPUVdelmsAiCUCYlqBuh4MZlBfuAJoTJZNoMnUzCzEQoob/hxl9x40IRl7ryb5y2WWjrgQuHc+6dufeEGWdKI/RtrayurW9sVraq2zu7e/v2wWFHpbkktE1SnspeiBXlTNC2ZprTXiYpTkJOu+HoZup3H6hULBX3epxRP8FDwQaMYG2kwEZeFKW6iCeBC8+hh3kW48CB3rKIYBy41yiwa6iOZoDLxClJDZRoBfaneYzkCRWacKxU30GZ9gssNSOcTqpermiGyQgPad9QgROq/GJ22QSeGiWCg1SaEhrO1N8TBU6UGieh6UywjtWiNxX/8/q5Hlz5BRNZrqkg848GOYc6hdOYYMQkJZqPDcFEMrMrJDGWmGgTZtWE4CyevEw6jbpzUXfv3FqzUcZRAcfgBJwBB1yCJrgFLdAGBDyCZ/AK3qwn68V6tz7mrStWOXME/sD6+gEs5Z51</latexit>

ḧ4 + ↵1ḣ4 + ↵0h4 = 0
Represents second elastic impact…
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<latexit sha1_base64="kOwnDUY7x7qQRKYDWY8hKH9puvg=">AAACQ3icbZDLSgMxFIYz9VbrrerSTbAILZUyMxR1IxS66UaoYC/YliGTSdvQzMUkUyhD382NL+DOF3DjQhG3gpl2FG09EPj5/nOSk98OGBVS15+01Mrq2vpGejOztb2zu5fdP2gKP+SYNLDPfN62kSCMeqQhqWSkHXCCXJuRlj2qxn5rTLigvncjJwHpuWjg0T7FSCpkZW+vLCN/Z5kF2HV8GY2nlgmLsGqZMTyF49gpwoGi86 5L2GXqdgdZBnRq37PFH2rGdDZcsLI5vaTPCi4LIxE5kFTdyj6qHXDoEk9ihoToGHogexHikmJGppluKEiA8AgNSEdJD7lE9KJZBlN4oogD+z5Xx5NwRn9PRMgVYuLaqtNFcigWvRj+53VC2b/oRdQLQkk8PH+oHzIofRgHCh3KCZZsogTCnKpdIR4ijrBUsWdUCMbil5dF0ywZZ6XydTlXMZM40uAIHIM8MMA5qIAaqIMGwOAePINX8KY9aC/au/Yxb01pycwh+FPa5xfTxKm3</latexit>

M1(q2)v̇2 + C2(q2, v2) + g2(q2) = �1dH1(q2) + �2dH2(q2)
<latexit sha1_base64="zb992Sf+h3+rC3bU0IfRTzchwpU=">AAACCXicbVDLSgMxFM3UV62vUZdugkUQhDJTiroRCm5cVrAPaIchk0nb0ExmSO4IZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BIngGhznyyqsrK6tbxQ3S1vbO7t79v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup767XumNI/lHYwT5kVkIHmfUwJG8m3cC8MYsqHvTvCZOfxws+Er7Ph22ak4M+Bl4uakjHI0fPvT3ELTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5tNMsEnRglxP1ZmScAz9XdHRiKtx1FgKiMCQ73oTcX/vG4K/Usv4zJJgUk6f6ifCgwxnsaCQ64YBTE2hFDFzV8xHRJFKJjwSiYEd3HkZdKqVtzzSu22Vq5X8ziK6Agdo1PkogtURzeogZqIogf0hF7Qq/VoPVtv1vu8tGDlPYfoD6yPbwGTl+k=</latexit>

ḧ1 + ḣ1 + h1 = 0
<latexit sha1_base64="bZO1/a51bw0HVuZHaW+idQtsQy8=">AAACCXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMKepGKLhxWcE+oB2GTCZtQzOZIckIZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BAlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0fXUb99TqVgs7vQ4oV6EB4L1GcHaSL6NemEY62zoVyfozBx+uNnQFXJ8u+xUnBnQMnFzUoYcDd/+NLeQNKJCE46V6rpOor0MS80Ip5NSL1U0wWSEB7RrqMARVV42m2SCTowSon4szRIazdTfHRmOlBpHgamMsB6qRW8q/ud1U92/9DImklRTQeYP9VOOdIymsaCQSUo0HxuCiWTmr4gMscREm/BKJgR3ceRl0qpW3PNK7bZWrlfzOIpwBMdwCi5cQB1uoAFNIPAAT/ACr9aj9Wy9We/z0oKV9xzCH1gf3wZFl+w=</latexit>

ḧ2 + ḣ2 + h2 = 0
<latexit sha1_base64="FRfVNSnGgq1mu1LZAUfrXah3EBM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ45I2qNbfu5kDrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ/lC8/RhVVCFMXKPmlQrv6eyLDQeiYCmxTYTPSqtxD/8wapiW78jMkkNVSS5UdRypGJ0eJ6FDJFieEzSzBRzO6KyAQrTIztqGJL8FZPXifdRt27qjfvm7VWo6ijDGdwDpfgwTW04A7a0AECAp7hFd4c5bw4787HMlpyiplT+APn8wdk7ZAa</latexit>

�1
<latexit sha1_base64="Kv91i/8kU2QYV/kcpYUKzWHPK3Y=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utRlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9mcZAb</latexit>

�2

<latexit sha1_base64="5zjNg7GBp2eHM0bI3kHpzMHMYfA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdD/qX/TLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtWtW7rNbv6pVGLY+jCCdwCufgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/3b42N</latexit>

h5

<latexit sha1_base64="xo7FizMa/IpCFIOd2XvPVLb2J3c=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyU+tgIBTcuK9hamA4lk8m0oZlkSDJCGfoZblwo4tavceffmLaz0NYDgcM555J7T5hypo3rfjultfWNza3ydmVnd2//oHp41NUyU4R2iORS9UKsKWeCdgwznPZSRXEScvoYjm9n/uMTVZpJ8WAmKQ0SPBQsZgQbK/l9bqMRHlzcuINqza27c6BV4hWkBgXag+pXP5IkS6gwhGOtfc9NTZBjZRjhdFrpZ5qmmIzxkPqWCpxQHeTzlafozCoRiqWyTxg0V39P5DjRepKENplgM9LL3kz8z/MzE18HORNpZqggi4/ijCMj0ex+FDFFieETSzBRzO6KyAgrTIxtqWJL8JZPXiXdRt27rDfvm7VWo6ijDCdwCufgwRW04A7a0AECEp7hFd4c47w4787HIlpyiplj+APn8wdhCZCf</latexit>

�5 = 0
<latexit sha1_base64="r7Xl33+JFkV+pwn30oQQabta6RE=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6kUoePFYwbSFNpTNdtMu3WzC7kQopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut7O2vrG5tV3YKe7u7R8clo6OmybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDfzW09cG5GoRxynPIjpQIlIMIpW8oe9y1u3Vyq7FXcOskq8nJQhR6NX+ur2E5bFXCGT1JiO56YYTKhGwSSfFruZ4SllIzrgHUsVjbkJJvNjp+TcKn0SJdqWQjJXf09MaGzMOA5tZ0xxaJa9mfif18kwugkmQqUZcsUWi6JMEkzI7HPSF5ozlGNLKNPC3krYkGrK0OZTtCF4yy+vkma14l1Vag+1cr2ax1GAUziDC/DgGupwDw3wgYGAZ3iFN0c5L86787FoXXPymRP4A+fzB+Wtjgw=</latexit>

h3 = 0

<latexit sha1_base64="qFNywoqbyXlT8cjEs/WflEixTbM=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOlqCspuHFZwT5gOpRMJtOGZpIhuSOUoZ/hxoUibv0ad/6NaTsLbT0QOJxzLrn3hKngBlz32yltbG5t75R3K3v7B4dH1eOTrlGZpqxDlVC6HxLDBJesAxwE66eakSQUrBdO7uZ+74lpw5V8hGnKgoSMJI85JWAlfyBsNCLD5q07rNbcursAXideQWqoQHtY/RpEimYJk0AFMcb33BSCnGjgVLBZZZAZlhI6ISPmWypJwkyQL1ae4QurRDhW2j4JeKH+nshJYsw0CW0yITA2q95c/M/zM4hvgpzLNAMm6fKjOBMYFJ7fjyOuGQUxtYRQze2umI6JJhRsSxVbgrd68jrpNureVb350Ky1GkUdZXSGztEl8tA1aqF71EYdRJFCz+gVvTngvDjvzscyWnKKmVP0B87nD2EIkJ8=</latexit>

�4 > 0

<latexit sha1_base64="489FziSycuUED/Z5V5JZkRlvlms=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUAuLgI1lBC8JJEfY28wlS/b2jt09IYT8BhsLRWz9QXb+GzfJFZr4YODx3gwz88JUcG1c99spbGxube8Ud0t7+weHR+Xjk5ZOMsXQZ4lIVCekGgWX6BtuBHZShTQOBbbD8d3cbz+h0jyRj2aSYhDToeQRZ9RYyR/167duv1xxq+4CZJ14OalAjma//NUbJCyLURomqNZdz01NMKXKcCZwVuplGlPKxnSIXUsljVEH08WxM3JhlQGJEmVLGrJQf09Maaz1JA5tZ0zNSK96c/E/r5uZ6CaYcplmBiVbLooyQUxC5p+TAVfIjJhYQpni9lbCRlRRZmw+JRuCt/ryOmnVqt5Vtf5QrzRqeRxFOINzuAQPrqEB99AEHxhweIZXeHOk8+K8Ox/L1oKTz5zCHzifP+Wujgw=</latexit>

h4 < 0
<latexit sha1_base64="0L6bC70G5DpqOErGB6QmzsEnDGY=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYWdSMU3LisYB8wHUomk2lDM8mQ3BHK0M9w40IRt36NO//GtJ2Fth4IHM45l9x7wlRwA6777aytb2xubZd2yrt7+weHlaPjjlGZpqxNlVC6FxLDBJesDRwE66WakSQUrBuO72Z+94lpw5V8hEnKgoQMJY85JWAlvy9sNCKDy1t3UKm6NXcOvEq8glRRgdag8tWPFM0SJoEKYozvuSkEOdHAqWDTcj8zLCV0TIbMt1SShJkgn688xedWiXCstH0S8Fz9PZGTxJhJEtpkQmBklr2Z+J/nZxDfBDmXaQZM0sVHcSYwKDy7H0dcMwpiYgmhmttdMR0RTSjYlsq2BG/55FXSqde8q1rjoVFt1os6SugUnaEL5KFr1ET3qIXaiCKFntErenPAeXHenY9FdM0pZk7QHzifP139kJ0=</latexit>

�3 = 0

<latexit sha1_base64="0L6bC70G5DpqOErGB6QmzsEnDGY=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYWdSMU3LisYB8wHUomk2lDM8mQ3BHK0M9w40IRt36NO//GtJ2Fth4IHM45l9x7wlRwA6777aytb2xubZd2yrt7+weHlaPjjlGZpqxNlVC6FxLDBJesDRwE66WakSQUrBuO72Z+94lpw5V8hEnKgoQMJY85JWAlvy9sNCKDy1t3UKm6NXcOvEq8glRRgdag8tWPFM0SJoEKYozvuSkEOdHAqWDTcj8zLCV0TIbMt1SShJkgn688xedWiXCstH0S8Fz9PZGTxJhJEtpkQmBklr2Z+J/nZxDfBDmXaQZM0sVHcSYwKDy7H0dcMwpiYgmhmttdMR0RTSjYlsq2BG/55FXSqde8q1rjoVFt1os6SugUnaEL5KFr1ET3qIXaiCKFntErenPAeXHenY9FdM0pZk7QHzifP139kJ0=</latexit>

�3 = 0

<latexit sha1_base64="F6oFyeLkKZhXzBXMAFragj2V/fI="></latexit>

M1(q1)v̇1 + C1(q1, v1) + g1(q1) = �4dH4(q1)

FSM for 
<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3
FSM for 

<latexit sha1_base64="4yMftYxCAhHOJ3AO44Cse6OQgrw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBfVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzRqeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AH1642M</latexit>

h4

<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3

12-Sep-2022

<latexit sha1_base64="mMg0b9cAaxu1JA4kqP5W8FKg4ZU=">AAACGXicbVDLSsNAFJ34rPUVdelmsAiCUCYlqBuh4MZlBfuAJoTJZNoMnUzCzEQoob/hxl9x40IRl7ryb5y2WWjrgQuHc+6dufeEGWdKI/RtrayurW9sVraq2zu7e/v2wWFHpbkktE1SnspeiBXlTNC2ZprTXiYpTkJOu+HoZup3H6hULBX3epxRP8FDwQaMYG2kwEZeFKW6iCeBC8+hh3kW48CB3rKIYBy41yiwa6iOZoDLxClJDZRoBfaneYzkCRWacKxU30GZ9gssNSOcTqpermiGyQgPad9QgROq/GJ22QSeGiWCg1SaEhrO1N8TBU6UGieh6UywjtWiNxX/8/q5Hlz5BRNZrqkg848GOYc6hdOYYMQkJZqPDcFEMrMrJDGWmGgTZtWE4CyevEw6jbpzUXfv3FqzUcZRAcfgBJwBB1yCJrgFLdAGBDyCZ/AK3qwn68V6tz7mrStWOXME/sD6+gEs5Z51</latexit>

ḧ4 + ↵1ḣ4 + ↵0h4 = 0Contact constraint broken
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Cartoon Example – Both Constraints lose contact

33

<latexit sha1_base64="kOwnDUY7x7qQRKYDWY8hKH9puvg=">AAACQ3icbZDLSgMxFIYz9VbrrerSTbAILZUyMxR1IxS66UaoYC/YliGTSdvQzMUkUyhD382NL+DOF3DjQhG3gpl2FG09EPj5/nOSk98OGBVS15+01Mrq2vpGejOztb2zu5fdP2gKP+SYNLDPfN62kSCMeqQhqWSkHXCCXJuRlj2qxn5rTLigvncjJwHpuWjg0T7FSCpkZW+vLCN/Z5kF2HV8GY2nlgmLsGqZMTyF49gpwoGi86 5L2GXqdgdZBnRq37PFH2rGdDZcsLI5vaTPCi4LIxE5kFTdyj6qHXDoEk9ihoToGHogexHikmJGppluKEiA8AgNSEdJD7lE9KJZBlN4oogD+z5Xx5NwRn9PRMgVYuLaqtNFcigWvRj+53VC2b/oRdQLQkk8PH+oHzIofRgHCh3KCZZsogTCnKpdIR4ijrBUsWdUCMbil5dF0ywZZ6XydTlXMZM40uAIHIM8MMA5qIAaqIMGwOAePINX8KY9aC/au/Yxb01pycwh+FPa5xfTxKm3</latexit>

M1(q2)v̇2 + C2(q2, v2) + g2(q2) = �1dH1(q2) + �2dH2(q2)
<latexit sha1_base64="zb992Sf+h3+rC3bU0IfRTzchwpU=">AAACCXicbVDLSgMxFM3UV62vUZdugkUQhDJTiroRCm5cVrAPaIchk0nb0ExmSO4IZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BIngGhznyyqsrK6tbxQ3S1vbO7t79v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup767XumNI/lHYwT5kVkIHmfUwJG8m3cC8MYsqHvTvCZOfxws+Er7Ph22ak4M+Bl4uakjHI0fPvT3ELTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5tNMsEnRglxP1ZmScAz9XdHRiKtx1FgKiMCQ73oTcX/vG4K/Usv4zJJgUk6f6ifCgwxnsaCQ64YBTE2hFDFzV8xHRJFKJjwSiYEd3HkZdKqVtzzSu22Vq5X8ziK6Agdo1PkogtURzeogZqIogf0hF7Qq/VoPVtv1vu8tGDlPYfoD6yPbwGTl+k=</latexit>

ḧ1 + ḣ1 + h1 = 0
<latexit sha1_base64="bZO1/a51bw0HVuZHaW+idQtsQy8=">AAACCXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMKepGKLhxWcE+oB2GTCZtQzOZIckIZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BAlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0fXUb99TqVgs7vQ4oV6EB4L1GcHaSL6NemEY62zoVyfozBx+uNnQFXJ8u+xUnBnQMnFzUoYcDd/+NLeQNKJCE46V6rpOor0MS80Ip5NSL1U0wWSEB7RrqMARVV42m2SCTowSon4szRIazdTfHRmOlBpHgamMsB6qRW8q/ud1U92/9DImklRTQeYP9VOOdIymsaCQSUo0HxuCiWTmr4gMscREm/BKJgR3ceRl0qpW3PNK7bZWrlfzOIpwBMdwCi5cQB1uoAFNIPAAT/ACr9aj9Wy9We/z0oKV9xzCH1gf3wZFl+w=</latexit>

ḧ2 + ḣ2 + h2 = 0
<latexit sha1_base64="FRfVNSnGgq1mu1LZAUfrXah3EBM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ45I2qNbfu5kDrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ/lC8/RhVVCFMXKPmlQrv6eyLDQeiYCmxTYTPSqtxD/8wapiW78jMkkNVSS5UdRypGJ0eJ6FDJFieEzSzBRzO6KyAQrTIztqGJL8FZPXifdRt27qjfvm7VWo6ijDGdwDpfgwTW04A7a0AECAp7hFd4c5bw4787HMlpyiplT+APn8wdk7ZAa</latexit>

�1
<latexit sha1_base64="Kv91i/8kU2QYV/kcpYUKzWHPK3Y=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utRlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9mcZAb</latexit>

�2

<latexit sha1_base64="5zjNg7GBp2eHM0bI3kHpzMHMYfA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdD/qX/TLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtWtW7rNbv6pVGLY+jCCdwCufgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/3b42N</latexit>

h5

<latexit sha1_base64="xo7FizMa/IpCFIOd2XvPVLb2J3c=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyU+tgIBTcuK9hamA4lk8m0oZlkSDJCGfoZblwo4tavceffmLaz0NYDgcM555J7T5hypo3rfjultfWNza3ydmVnd2//oHp41NUyU4R2iORS9UKsKWeCdgwznPZSRXEScvoYjm9n/uMTVZpJ8WAmKQ0SPBQsZgQbK/l9bqMRHlzcuINqza27c6BV4hWkBgXag+pXP5IkS6gwhGOtfc9NTZBjZRjhdFrpZ5qmmIzxkPqWCpxQHeTzlafozCoRiqWyTxg0V39P5DjRepKENplgM9LL3kz8z/MzE18HORNpZqggi4/ijCMj0ex+FDFFieETSzBRzO6KyAgrTIxtqWJL8JZPXiXdRt27rDfvm7VWo6ijDCdwCufgwRW04A7a0AECEp7hFd4c47w4787HIlpyiplj+APn8wdhCZCf</latexit>

�5 = 0

<latexit sha1_base64="0L6bC70G5DpqOErGB6QmzsEnDGY=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYWdSMU3LisYB8wHUomk2lDM8mQ3BHK0M9w40IRt36NO//GtJ2Fth4IHM45l9x7wlRwA6777aytb2xubZd2yrt7+weHlaPjjlGZpqxNlVC6FxLDBJesDRwE66WakSQUrBuO72Z+94lpw5V8hEnKgoQMJY85JWAlvy9sNCKDy1t3UKm6NXcOvEq8glRRgdag8tWPFM0SJoEKYozvuSkEOdHAqWDTcj8zLCV0TIbMt1SShJkgn688xedWiXCstH0S8Fz9PZGTxJhJEtpkQmBklr2Z+J/nZxDfBDmXaQZM0sVHcSYwKDy7H0dcMwpiYgmhmttdMR0RTSjYlsq2BG/55FXSqde8q1rjoVFt1os6SugUnaEL5KFr1ET3qIXaiCKFntErenPAeXHenY9FdM0pZk7QHzifP139kJ0=</latexit>

�3 = 0

<latexit sha1_base64="cvOj7EMAA3Of2vYl3Z/T3n2GYv4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6kkKXjxWMG2hDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777aytb2xubRd2irt7+weHpaPjpkkyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3c381hPXRiTqEccpD2I6UCISjKKV/GHv8tbtlcpuxZ2DrBIvJ2XI0eiVvrr9hGUxV8gkNabjuSkGE6pRMMmnxW5meErZiA54x1JFY26CyfzYKTm3Sp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMboKJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPkUbQje8surpFmteFeV2kOtXK/mcRTgFM7gAjy4hjrcQwN8YCDgGV7hzVHOi/PufCxa15x85gT+wPn8Aecyjg0=</latexit>

h3 > 0
<latexit sha1_base64="6irm9xFLXDkyZpbj1qRn92//SE0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O7+Z++wmV5ol8NJMUg5gOJY84o8ZK/qhfv3X75YpbdRcg68TLSQVyNPvlr94gYVmM0jBBte56bmqCKVWGM4GzUi/TmFI2pkPsWippjDqYLo6dkQurDEiUKFvSkIX6e2JKY60ncWg7Y2pGetWbi/953cxEN8GUyzQzKNlyUZQJYhIy/5wMuEJmxMQSyhS3txI2oooyY/Mp2RC81ZfXSatW9a6q9Yd6pVHL4yjCGZzDJXhwDQ24hyb4wIDDM7zCmyOdF+fd+Vi2Fpx85hT+wPn8Aei4jg4=</latexit>

h4 > 0

<latexit sha1_base64="Gxqbpk8O9Z514fY70EhNMcjcjlY=">AAACG3icbVBLSwMxGMz6rPW16tFLsAiVStmUol6EQi9ehAr2Ae2yZNO0Dc0+TLKFsvR/ePGvePGgiCfBg//GbHcP2joQGGbmS/KNG3ImlWV9Gyura+sbm7mt/PbO7t6+eXDYkkEkCG2SgAei42JJOfNpUzHFaScUFHsup213XE/89oQKyQL/Xk1Dant46LMBI1hpyTErtw4qPjjoDPb6gYonMwfBEqyn4jmcJE4JDrWapq6h5ZgFq2zNAZcJykgBZGg45qe+m0Qe9RXhWMouskJlx1goRjid5XuRpCEmYzykXU197FFpx/PdZvBUK304CIQ+voJz9fdEjD0pp56rkx5WI7noJeJ/XjdSgys7Zn4YKeqT9KFBxKEKYFIU7DNBieJTTTARTP8VkhEWmChdZ16XgBZXXiatShldlKt31UKtktWRA8fgBBQBApegBm5AAzQBAY/gGbyCN+PJeDHejY80umJkM0fgD4yvH1dpm+s=</latexit>

M1(q1)v̇1 + C1(q1, v1) + g1(q1) = 0

<latexit sha1_base64="kcvMh39BtmN2hXsBcUy1NNxXJdA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOlqBuh4MZlBfuA6VAymUwbmkmG5I5Qhn6GGxeKuPVr3Pk3pu0stPVA4HDOueTeE6aCG3Ddb6e0sbm1vVPereztHxweVY9PukZlmrIOVULpfkgME1yyDnAQrJ9qRpJQsF44uZv7vSemDVfyEaYpCxIykjzmlICV/IGw0YgMm7fusFpz6+4CeJ14BamhAu1h9WsQKZolTAIVxBjfc1MIcqKBU8FmlUFmWErohIyYb6kkCTNBvlh5hi+sEuFYafsk4IX6eyIniTHTJLTJhMDYrHpz8T/PzyC+CXIu0wyYpMuP4kxgUHh+P464ZhTE1BJCNbe7YjommlCwLVVsCd7qyeuk26h7V/XmQ7PWahR1lNEZOkeXyEPXqIXuURt1EEUKPaNX9OaA8+K8Ox/LaMkpZk7RHzifP1+DkJ4=</latexit>

�4 = 0

FSM for 
<latexit sha1_base64="kDVMOKxhqfGzJrRtFx4sN6bVZNw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6GPUv+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbSqFe+qUruvlevVPI4CnMIZXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AH0Z42L</latexit>

h3
FSM for 

<latexit sha1_base64="4yMftYxCAhHOJ3AO44Cse6OQgrw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBfVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzRqeRxFOINzuAQPrqEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AH1642M</latexit>

h4

12-Sep-2022
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• Contact State

• Solve for Lagrange Multiplier...

• If this were a “spring force,” the g would not appear
• This force adds energy to the ball when           and
• This force is responsible for

– (no penetration in steady state)  ... Good
– Failure to conserve energy ... Bad

• But, its not that bad
– Energy added only when            and 
– In typical applications,             (and            isn’t stable)
– LCP formulations also fail to conserve energy

Does Not Conserve Energy

34

q̇ = v

mv̇ = �mg + �

0 = ḧ+ ↵1ḣ+ ↵0h+ ↵3h
3

h > 0� > 0

h ! 0

↵1 > 0 ↵1 = 0

Lisa, get in here!  In this house we obey 
the laws of thermodynamics!

� > 0 ḣ 6= 0

12-Sep-2022
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• Mathematical DAE Model 
– Does not mix modes of computation (e.g. ODE solver + QP solver)
– Useful for design / analysis beyond simulation!

• Continuous - All states are continuous functions of time!
• Can use implicit, stiff solver e.g. DASSL.  

– Stable simulation for wide time scales
– Adaptive, automatic step size.  Faster than fastest time constant system.

• But…
– No mature software.
– Requires h and dH.

DAE Contact – Collision Model Properties

3512-Sep-2022

<latexit sha1_base64="kOwnDUY7x7qQRKYDWY8hKH9puvg=">AAACQ3icbZDLSgMxFIYz9VbrrerSTbAILZUyMxR1IxS66UaoYC/YliGTSdvQzMUkUyhD382NL+DOF3DjQhG3gpl2FG09EPj5/nOSk98OGBVS15+01Mrq2vpGejOztb2zu5fdP2gKP+SYNLDPfN62kSCMeqQhqWSkHXCCXJuRlj2qxn5rTLigvncjJwHpuWjg0T7FSCpkZW+vLCN/Z5kF2HV8GY2nlgmLsGqZMTyF49gpwoGi86 5L2GXqdgdZBnRq37PFH2rGdDZcsLI5vaTPCi4LIxE5kFTdyj6qHXDoEk9ihoToGHogexHikmJGppluKEiA8AgNSEdJD7lE9KJZBlN4oogD+z5Xx5NwRn9PRMgVYuLaqtNFcigWvRj+53VC2b/oRdQLQkk8PH+oHzIofRgHCh3KCZZsogTCnKpdIR4ijrBUsWdUCMbil5dF0ywZZ6XydTlXMZM40uAIHIM8MMA5qIAaqIMGwOAePINX8KY9aC/au/Yxb01pycwh+FPa5xfTxKm3</latexit>

M1(q2)v̇2 + C2(q2, v2) + g2(q2) = �1dH1(q2) + �2dH2(q2)
<latexit sha1_base64="zb992Sf+h3+rC3bU0IfRTzchwpU=">AAACCXicbVDLSgMxFM3UV62vUZdugkUQhDJTiroRCm5cVrAPaIchk0nb0ExmSO4IZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BIngGhznyyqsrK6tbxQ3S1vbO7t79v5BS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup767XumNI/lHYwT5kVkIHmfUwJG8m3cC8MYsqHvTvCZOfxws+Er7Ph22ak4M+Bl4uakjHI0fPvT3ELTiEmggmjddZ0EvIwo4FSwSamXapYQOiID1jVUkohpL5tNMsEnRglxP1ZmScAz9XdHRiKtx1FgKiMCQ73oTcX/vG4K/Usv4zJJgUk6f6ifCgwxnsaCQ64YBTE2hFDFzV8xHRJFKJjwSiYEd3HkZdKqVtzzSu22Vq5X8ziK6Agdo1PkogtURzeogZqIogf0hF7Qq/VoPVtv1vu8tGDlPYfoD6yPbwGTl+k=</latexit>

ḧ1 + ḣ1 + h1 = 0
<latexit sha1_base64="bZO1/a51bw0HVuZHaW+idQtsQy8=">AAACCXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMKepGKLhxWcE+oB2GTCZtQzOZIckIZejWjb/ixoUibv0Dd/6NaTugth4IOTnn3iT3BAlnSjvOl1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0fXUb99TqVgs7vQ4oV6EB4L1GcHaSL6NemEY62zoVyfozBx+uNnQFXJ8u+xUnBnQMnFzUoYcDd/+NLeQNKJCE46V6rpOor0MS80Ip5NSL1U0wWSEB7RrqMARVV42m2SCTowSon4szRIazdTfHRmOlBpHgamMsB6qRW8q/ud1U92/9DImklRTQeYP9VOOdIymsaCQSUo0HxuCiWTmr4gMscREm/BKJgR3ceRl0qpW3PNK7bZWrlfzOIpwBMdwCi5cQB1uoAFNIPAAT/ACr9aj9Wy9We/z0oKV9xzCH1gf3wZFl+w=</latexit>

ḧ2 + ḣ2 + h2 = 0
<latexit sha1_base64="FRfVNSnGgq1mu1LZAUfrXah3EBM=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ45I2qNbfu5kDrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ/lC8/RhVVCFMXKPmlQrv6eyLDQeiYCmxTYTPSqtxD/8wapiW78jMkkNVSS5UdRypGJ0eJ6FDJFieEzSzBRzO6KyAQrTIztqGJL8FZPXifdRt27qjfvm7VWo6ijDGdwDpfgwTW04A7a0AECAp7hFd4c5bw4787HMlpyiplT+APn8wdk7ZAa</latexit>

�1
<latexit sha1_base64="Kv91i/8kU2QYV/kcpYUKzWHPK3Y=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utRlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9mcZAb</latexit>

�2

<latexit sha1_base64="5zjNg7GBp2eHM0bI3kHpzMHMYfA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lK/TgWvHisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfDPzH5+4NiJWDzhJuB/RoRKhYBStdD/qX/TLFbfqzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtWtW7rNbv6pVGLY+jCCdwCufgwRU04Baa0AIGQ3iGV3hzpPPivDsfi9aCk88cwx84nz/3b42N</latexit>

h5

<latexit sha1_base64="xo7FizMa/IpCFIOd2XvPVLb2J3c=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyU+tgIBTcuK9hamA4lk8m0oZlkSDJCGfoZblwo4tavceffmLaz0NYDgcM555J7T5hypo3rfjultfWNza3ydmVnd2//oHp41NUyU4R2iORS9UKsKWeCdgwznPZSRXEScvoYjm9n/uMTVZpJ8WAmKQ0SPBQsZgQbK/l9bqMRHlzcuINqza27c6BV4hWkBgXag+pXP5IkS6gwhGOtfc9NTZBjZRjhdFrpZ5qmmIzxkPqWCpxQHeTzlafozCoRiqWyTxg0V39P5DjRepKENplgM9LL3kz8z/MzE18HORNpZqggi4/ijCMj0ex+FDFFieETSzBRzO6KyAgrTIxtqWJL8JZPXiXdRt27rDfvm7VWo6ijDCdwCufgwRW04A7a0AECEp7hFd4c47w4787HIlpyiplj+APn8wdhCZCf</latexit>

�5 = 0

<latexit sha1_base64="0L6bC70G5DpqOErGB6QmzsEnDGY=">AAAB8nicbVDLSgMxFM34rPVVdekmWARXZaYWdSMU3LisYB8wHUomk2lDM8mQ3BHK0M9w40IRt36NO//GtJ2Fth4IHM45l9x7wlRwA6777aytb2xubZd2yrt7+weHlaPjjlGZpqxNlVC6FxLDBJesDRwE66WakSQUrBuO72Z+94lpw5V8hEnKgoQMJY85JWAlvy9sNCKDy1t3UKm6NXcOvEq8glRRgdag8tWPFM0SJoEKYozvuSkEOdHAqWDTcj8zLCV0TIbMt1SShJkgn688xedWiXCstH0S8Fz9PZGTxJhJEtpkQmBklr2Z+J/nZxDfBDmXaQZM0sVHcSYwKDy7H0dcMwpiYgmhmttdMR0RTSjYlsq2BG/55FXSqde8q1rjoVFt1os6SugUnaEL5KFr1ET3qIXaiCKFntErenPAeXHenY9FdM0pZk7QHzifP139kJ0=</latexit>

�3 = 0

<latexit sha1_base64="cvOj7EMAA3Of2vYl3Z/T3n2GYv4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6kkKXjxWMG2hDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777aytb2xubRd2irt7+weHpaPjpkkyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3c381hPXRiTqEccpD2I6UCISjKKV/GHv8tbtlcpuxZ2DrBIvJ2XI0eiVvrr9hGUxV8gkNabjuSkGE6pRMMmnxW5meErZiA54x1JFY26CyfzYKTm3Sp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMboKJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPkUbQje8surpFmteFeV2kOtXK/mcRTgFM7gAjy4hjrcQwN8YCDgGV7hzVHOi/PufCxa15x85gT+wPn8Aecyjg0=</latexit>

h3 > 0
<latexit sha1_base64="6irm9xFLXDkyZpbj1qRn92//SE0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUU9S8OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2O7+Z++wmV5ol8NJMUg5gOJY84o8ZK/qhfv3X75YpbdRcg68TLSQVyNPvlr94gYVmM0jBBte56bmqCKVWGM4GzUi/TmFI2pkPsWippjDqYLo6dkQurDEiUKFvSkIX6e2JKY60ncWg7Y2pGetWbi/953cxEN8GUyzQzKNlyUZQJYhIy/5wMuEJmxMQSyhS3txI2oooyY/Mp2RC81ZfXSatW9a6q9Yd6pVHL4yjCGZzDJXhwDQ24hyb4wIDDM7zCmyOdF+fd+Vi2Fpx85hT+wPn8Aei4jg4=</latexit>

h4 > 0

<latexit sha1_base64="Gxqbpk8O9Z514fY70EhNMcjcjlY=">AAACG3icbVBLSwMxGMz6rPW16tFLsAiVStmUol6EQi9ehAr2Ae2yZNO0Dc0+TLKFsvR/ePGvePGgiCfBg//GbHcP2joQGGbmS/KNG3ImlWV9Gyura+sbm7mt/PbO7t6+eXDYkkEkCG2SgAei42JJOfNpUzHFaScUFHsup213XE/89oQKyQL/Xk1Dant46LMBI1hpyTErtw4qPjjoDPb6gYonMwfBEqyn4jmcJE4JDrWapq6h5ZgFq2zNAZcJykgBZGg45qe+m0Qe9RXhWMouskJlx1goRjid5XuRpCEmYzykXU197FFpx/PdZvBUK304CIQ+voJz9fdEjD0pp56rkx5WI7noJeJ/XjdSgys7Zn4YKeqT9KFBxKEKYFIU7DNBieJTTTARTP8VkhEWmChdZ16XgBZXXiatShldlKt31UKtktWRA8fgBBQBApegBm5AAzQBAY/gGbyCN+PJeDHejY80umJkM0fgD4yvH1dpm+s=</latexit>

M1(q1)v̇1 + C1(q1, v1) + g1(q1) = 0

<latexit sha1_base64="kcvMh39BtmN2hXsBcUy1NNxXJdA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOlqBuh4MZlBfuA6VAymUwbmkmG5I5Qhn6GGxeKuPVr3Pk3pu0stPVA4HDOueTeE6aCG3Ddb6e0sbm1vVPereztHxweVY9PukZlmrIOVULpfkgME1yyDnAQrJ9qRpJQsF44uZv7vSemDVfyEaYpCxIykjzmlICV/IGw0YgMm7fusFpz6+4CeJ14BamhAu1h9WsQKZolTAIVxBjfc1MIcqKBU8FmlUFmWErohIyYb6kkCTNBvlh5hi+sEuFYafsk4IX6eyIniTHTJLTJhMDYrHpz8T/PzyC+CXIu0wyYpMuP4kxgUHh+P464ZhTE1BJCNbe7YjommlCwLVVsCd7qyeuk26h7V/XmQ7PWahR1lNEZOkeXyEPXqIXuURt1EEUKPaNX9OaA8+K8Ox/LaMkpZk7RHzifP1+DkJ4=</latexit>

�4 = 0



© MERL

Other Possible Uses of this Model
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Task State or Parameter Estimation MPC for Robotic Manipulation / Assembly

<latexit sha1_base64="+PQPFuTr7bv7Ljg6G3uYGln7LzI="></latexit>

M(q)v̇1 + C(q, v) + g(q) = �1H1(q) + �2H2(q) + �3H3(q)

<latexit sha1_base64="YEm0kgUBdiK+LpTrsrHH0LLOyrs=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GmbGoa27ghuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwbM20FFT0QOJxzLrn3hCmjSjvOh1VaW9/Y3CpvV3Z29/YPqodHXZVkEpMOTlgi+yFShFFBOppqRvqpJIiHjPTC6VXh9+6JVDQRt3qWkoCjsaAxxUgb6W7ITDRCI3dUrTn2ZbPu+XXo2I7TcD23IF7Dv/Cha5QCNbBCe1R9H0YJzjgRGjOk1MB1Uh3kSGqKGZlXhpkiKcJTNCYDQwXiRAX5YuE5PDNKBONEmic0XKjfJ3LElZrx0CQ50hP12yvEv7xBpuNmkFORZpoIvPwozhjUCSyuhxGVBGs2MwRhSc2uEE+QRFibjiqmhK9L4f+k69lu3fZv/FrLW9VRBifgFJwDFzRAC1yDNugADDh4AE/g2ZLWo/VivS6jJWs1cwx+wHr7BMT8kFw=</latexit>

�1

<latexit sha1_base64="GJxh7AMYNRzO6KoG+f+iONbJjtY=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GmbGoa27ghuXFexD2qFkMpk2NMkMSUYoQ7/CjQtF3Po57vwbM20FFT0QOJxzLrn3hCmjSjvOh1VaW9/Y3CpvV3Z29/YPqodHXZVkEpMOTlgi+yFShFFBOppqRvqpJIiHjPTC6VXh9+6JVDQRt3qWkoCjsaAxxUgb6W7ITDRCI29UrTn2ZbPu+XXo2I7TcD23IF7Dv/Cha5QCNbBCe1 R9H0YJzjgRGjOk1MB1Uh3kSGqKGZlXhpkiKcJTNCYDQwXiRAX5YuE5PDNKBONEmic0XKjfJ3LElZrx0CQ50hP12yvEv7xBpuNmkFORZpoIvPwozhjUCSyuhxGVBGs2MwRhSc2uEE+QRFibjiqmhK9L4f+k69lu3fZv/FrLW9VRBifgFJwDFzRAC1yDNugADDh4AE/g2ZLWo/VivS6jJWs1cwx+wHr7BMaAkF0=</latexit>

�2

<latexit sha1_base64="YFF2YfejtZnEXVUrvOOqX01MEqI=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXw8x0aOuu4MZlBfuQdiiZTKYNTTJDkhHK0K9w40IRt36OO//GTFtBRQ8EDuecS+49Ycqo0o7zYa2tb2xubZd2yrt7+weHlaPjrkoyiUkHJyyR/RApwqggHU01I/1UEsRDRnrh9Krwe/dEKpqIWz1LScDRWNCYYqSNdDdkJhqhUW1UqTr2ZbPu+XXo2I7TcD23IF7Dr/nQNUqBKlihPaq8D6MEZ5wIjRlSauA6qQ5yJDXFjMzLw0yRFOEpGpOBoQJxooJ8sfAcnhslgnEizRMaLtTvEzniSs14aJIc6Yn67RXiX94g03EzyKlIM00EXn4UZwzqBBbXw4hKgjWbGYKwpGZXiCdIIqxNR2VTwtel8H/S9Wy3bvs3frXlreoogVNwBi6ACxqgBa5BG3QABhw8gCfwbEnr0XqxXpfRNWs1cwJ+wHr7BMgEkF4=</latexit>

�3

<latexit sha1_base64="7Ju9xc0muviBaLkKXFTalIva6A0=">AAACDHicdZDLSkMxEIZzvFtvVZdugkVQhJKUonUhFNy4rGBVaEvJyZlqaM6FZI5QDn0AN76KGxeKuPUB3Pk25rQVVHQg8PH/M0zm9xOtLDL24U1Nz8zOzS8sFpaWV1bXiusbFzZOjYSmjHVsrnxhQasImqhQw1ViQIS+hku/f5L7l7dgrIqjcxwk0AnFdaR6Sgp0UrdYagdBjBkM6T7td4Nd3KMwwmSMx5RR18XKjDHOOc2BHx4wB0dHtQqvUZ5brkpkUo1u8b0dxDINIUKphbUtzhLsZMKgkhqGhXZqIRGyL66h5TASIdhONjpmSHecEtBebNyLkI7U7xOZCK0dhL7rDAXe2N9eLv7ltVLs1TqZipIUIZLjRb1UU4xpngwNlAGJeuBASKPcX6m8EUZIdPkVXAhfl9L/4aJS5gfl6lm1VK9M4lggW2Sb7BJODkmdnJIGaRJJ7sgDeSLP3r336L14r+PWKW8ys0l+lPf2Cc4kmDs=</latexit>

ë+ kd(t)e+ kp(t)e = 0

<latexit sha1_base64="yEptUDGKMIpukwyJC5P2vbD5qyA=">AAACEXicdVDLSsNAFJ34rPFVdelmsCh1U5I0tHUhFNy4rGAf0IQwmU7aoZOHMxOhlP6CG3/FjQtF3Lpz59846QOs6IGBc8+5lzv3+AmjQhrGl7ayura+sZnb0rd3dvf28weHLRGnHJMmjlnMOz4ShNGINCWVjHQSTlDoM9L2h1eZ374nXNA4upWjhLgh6kc0oBhJJXn54sAzi3fn8OwSGo6jDzxrqSovKt3LF4zSRa1i2RVolAyjalpmRqyqXbahqZQMBTBHw8t/Or0YpyGJJGZIiK5pJNIdIy4pZmSiO6kgCcJD1CddRSMUEuGOpxdN4KlSejCIuXqRhFP158QYhUKMQl91hkgOxG8vE//yuqkMau6YRkkqSYRni4KUQRnDLB7Yo5xgyUaKIMyp+ivEA8QRlirELITFpfB/0rJKZqVk39iFujWPIweOwQkoAhNUQR1cgwZoAgwewBN4Aa/ao/asvWnvs9YVbT5zBJagfXwDZtuXrg==</latexit>

h1(q) = 0

h2(q) = 0

h3(q) = 0

Robot Dynamics
• Linear
• Modulate

<latexit sha1_base64="1twllqMqAzfBBJ2XXDZjMhjvxCY=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCCylJKX3sCm5cVrAPaIchk8m0YTIPkoxQS7/EjQtF3Pop7vwbM20FFT1wuYdz7iU3x0sFVxqhD6uwsbm1vVPcLe3tHxyW7aPjvkoySVmPJiKRQ48oJnjMepprwYapZCTyBBt44VXuD+6YVDyJb/UsZU5EJjEPOCXaSK5dDt30Eo5h6Pp5k65dQVWEEMYY5gQ3G8iQdrtVwy2Ic8ugAtbouvb72E9oFrFYU0GUGmGUamdOpOZUsEVpnCmWEhqSCRsZGpOIKWe+PHwBz43iwyCRpmINl+r3jTmJlJpFnpmMiJ6q314u/uWNMh20nDmP00yzmK4eCjIBdQLzFKDPJaNazAwhVHJzK6RTIgnVJquSCeHrp/B/0q9VcaNav6lXOmgdRxGcgjNwATBogg64Bl3QAxRk4AE8gWfr3nq0XqzX1WjBWu+cgB+w3j4ByTWR2A==</latexit>

kp, kd, r

Contact Forces 
measured

Contact Forces 
measured

Not Measured

Can we estimate?

Not Measured

Can we estimate?

1 2

1

Can we use MPC to compute assembly trajectory?
• Linear robot dynamics.
• Constrained dynamics during contact.  Hybrid.
• DAE model is almost linear.
Can control theory define robustness metrics?
• System - oriented thinking vs. signal oriented.
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